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Abstract

We study the problem of compressing piecewise i.i.d. sources, which models the practical
application of jointly compressing multiple disparate data files. We establish that universal
compression of piecewise i.i.d data is possible by modeling the data as a Markov process
whose memory grows suitably with the size of the data using the Krichevsky-Trofimov (KT)
estimator. The memory order is chosen large enough so that successful learning of the
distribution of the each piece of the data from the corresponding contexts is possible for
almost any realization of any piecewise i.i.d. data process. This is, a priori, a surprising
result given that we are employing a stationary model to asymptotically optimally (model
and) compress non-stationary data.

1 Introduction

Compression is an essential part of modern-day data storage and communication.
It is not uncommon to imagine a situation where one jointly compresses unalike
data. For example, consider the scenario illustrated in Fig. 1, where the a folder
comprising of novels in different languages are compressed together. A typical data

compressor will read the data from each of the
A SN files in a sequential manner and ‘learn’ the dis-
' Othello T ' tribution corresponding to the source, and com-
! press the data at hand. In this setting, it is con-
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| T ent files are quite dissimilar. A ‘good’ compres-

De T | 1011101101 ... sor for compressing such dissimilar data has to
Blecnommel I} be: (a) universal in that it must learn (pos-

e E&&éf"'// sibly) multiple distributions corresponding to

each of the files as it sequentially reads them;
and (b) efficient in that the redundancy of the
compressor must be kept to a minimum.

The notion of universal data compression was first introduced by Kolmogorov
in [1]. In [2], Krichevsky and Trofimov introduced the KT estimator, and quantified
the asymptotic redundancy incurred by imposing universality over the class of i.i.d.
sources. Following this, Rissanen [3] presented a lower bound on the expected per-
symbol redundancy, giving rise to a notion of ‘optimality’ for universal codes; this
lower bound additionally establishes the optimality of the K'T" estimator in terms of
the expected per-symbol redundancy.

Figure 1: Compressing dissimilar files.



A corresponding lower bound for variable-length piecewise i.i.d. sources (i.e.,
sources whose statistics change abruptly at unknown points in the data) and a strongly
sequential distribution that achieves this bound was derived by Merhav [4]; this re-
dundancy bound for the piecewise i.i.d. source contains an extra logn term per change
in source parameters in addition to the terms specified by the Rissanen bound). Sub-
sequently, Willems [5] gave efficient algorithms that achieve this bound in the limit,
based on the KT distribution (both to model the boundaries between pieces and
to predict for each piece). In [6], Shamir and Merhav extended [5]| with even more
efficient algorithms, but slightly poorer redundancy performance.

Another strand of literature, relates to universal compression for Markov processes
and tree sources. Willems et al. [7] introduced the contest tree weighting (CTW) al-
gorithm that was shown to be optimal over the class of time-homogeneous finite-depth
tree sources. These are a generalization of Markov sources, where the conditional dis-
tribution may depend (non-trivially) on variable-length contexts. Furthermore, the
CTW distribution is efficiently computable and strongly sequential. While CTW is
universal over finite-depth tree sources, and therefore finite-order Markov sources, it
is unclear whether it performs well for non-stationary /time-inhomogeneous sources.
An array of recent literature has recently investigated variants of CTW for wider
classes of sources, using variants of KT which discount ‘old’ data [8], switch between
a finite set of potential context trees [9] or model the boundaries between pieces [10].

In this work, we look at the problem of universal compression of piecewise i.i.d.
sources. We establish the fact that the sequence of k-order KT distributions, where
the order k grows logarithmically with the size n of each piece of the piecewise i.i.d.
source is universal over the class of piecewise i.i.d. sources. A priori, this is surpris-
ing given that the k-KT distribution models ‘time-homogenous/stationary’ processes,
whereas the piecewise i.i.d. source is not. However, by adapting the memory order k
with n, we are able to achieve the goal of universality.

The remainder of this work is organized as follows. Section 2 presents the problem
setup and the notation used. Section 3 presents the main result followed by pertinent
remarks and extensions; auxiliary results required in Sec. 3 are relegated to Sec. 4.

2 Notation and Problem Setup

Random variables are denoted by upper case letters (A, B, etc), their realizations by
lower case letters (a, b, etc), and their alphabets by calligraphic font letters (A, B,
etc). A finite sequence of the first n random variables from a random process (also
referred to as a source) {B;}n is denoted by By.,, and its realization is given by by.,.
Given d € N, A, denotes the set of all d-dimensional categorical distributions, i.e.,
Ag={(r,...,rq) €[0,1]¢: Z?:l rq = 1}. We can now define the sources of interest.

Definition 1. Given a finite set A = {a1,...,a4} and @ = (0y,...,04) € Ay, let pg
to denote probability measure of the i.i.d. random process with each random variable
distributed according to 0, i.e., for each n € N and x;., € A",

p@(xl:n) = 9? . (9;2 o eﬁlda (1)



where for i = 1,...,d, t; is the number of occurrences of a; in xy.,. As an abuse of
notation, we also let pg operate on [0,0) by defining

pe(tla"wt\A\) :0? '052'”02(17 (tlw-'vtd)e [O’OO)d. (2)
Note that by the above notation, if (ti,...,tq) € (N U {0})4, then for some x1., € A"
containing t; occurrences of a; for each i =1,...,d, pe(t1,...,tqs) = pe(T1.mn)- "
Definition 2. Given m € N, we let an m-piece i.i.d. source {pg, : 0; € Ay}, to be a
collection of m independent i.i.d. processes ({X1;}ien, - - ., {Xm.i}ien), where for each
j=1,...,m, the i.i.d. process {X;;}in is distributed according to pe,. u

We now present a brief introduction to the Krichevsky-Trofimov Estimator.

2.1 The Krichevsky-Trofimov Estimator

To define the KT estimator, we require the following notation for counting the number
of occurrences of substrings in the source data. Throughout this part, we assume that
A ={ay,...,a4} is the (finite) alphabet corresponding to the source of interest.

Definition 3. Let k,n € N with k < n be given. For each s € A* and z,., € A",
let ‘count cs(x1.,) of 8 in x1.,,” denote the number of times the string s occurs as a

(contiguous) substring of T1.,, i.e., ¢s(T1.,) = Z;:f“ Ts(ziiizn_1)-
Also, for each s € A* and zy.,, € A", let Co(21.0) = (Coay (T1n)s - -+ Coay(T1m))-
For each s, Cg(x1.,) denotes the vector of counts of sa in 1., for each a € A. "

The KT distribution for A is the A-valued stochastic process distribution
{Ppr}, e Where for each n e N, P, : A* — [0, 1] is defined by

HUGA F(CU('ILH) + 1/2> (3)
L) -T(n+d42)

where I' is the Gamma function. Note that the above estimator naturally yields a

sequential estimator for the next symbol given by

Piep(215) == T(5)

P[?—jtl(Xlzn-i-l = xl:na) . Ca(xl;n) + 1/2

PI@;I(XN-&-I = a|X1:n = xl:n) =

(4

P[?T(Xlzn = xl:n) N n —+ d/2
which is a regularized frequency estimator (also known as the add—% estimator. As in
Definition 1, we let P, operate over {(ny,...,ng) € N® :nj + - +ny =n} by
[T, D + 1)
P - =1I(d = . 5
KT((nla 7nd)) (/2)F(1/2)d-F(n+d/2) ( )
Note that P, ((ni,...,nq)) = Pip(x1.,) for a sequence 1., that contains n; occur-
rences of a; for each i =1,...,d.

Given k € N, the k-KT distribution for A is the stochastic process distribution
{P? 1} ,en» Where for each n e N, Pl o A" — [0, 1] defined by

" n<k
A" [Tyear Pier(Cs(zr)) k<n
We end this section with an upper bound for the redundancy of the KT estimator [2].

P (1) 1= { (6)



Theorem 1. Consider the class of distributions {pg : @ € Ay}. Given xy., € A", let
Pors(z1) denote the distribution defined by

0y (x1.) := arg max pg(r1.,). (7)
OEAd

Then the coding redundancy pp, pr.. (see Def. 4 below) with respect to the mazimum
likelihood i.i.d. distribution pg,,, and the KT estimator Pp,(x1.,) satisfies

d—1
pen, [ Po ke (@1:0) < Proyy oy, Per (T1in) S % logn + log d. (8)
€Rq

2.2  Problem Statement

We begin with the specific notion of universality that we employ.

Definition 4. Given a random process {Xo ;}ien distributed according to pe from a
class € = {pg : © € O} of A-valued distributions, a sequence {Q"},en, where Q™ is a
distribution over A", is said to be universal almost surely for € if for each © € O,

P [T}i_r)%o 1 po.on (Xoam) = 0] ~1, 9)
where the redundancy pp, on(T1.) := log %

Our formal problem statement is as follows. Suppose that an m-piece i.i.d. source
({X1.i}tien, - -, {Xim.itien) distributed according to {pe, : 0; € Ay}, is given. We are
interested in modeling the data X := (X1 1.0, Xo1:n, - - -, X;m1:m) by a KT distribution
of appropriate order k, that grows with n in a way that the coding redundancy
Pipe,}i, kn-KT &LOWS sub-linearly in n, and the sequence of appropriately growing k,,-
KT distributions is universal almost surely for (Ad)m. At a glance, this seems
counterintuitive since the k-KT distribution is ‘stationary,” unlike the piecewise i.i.d.
source. However, by adapting the memory order k with n, we show that we can achieve
both universality as well as optimal compression (i.e., sub-linear redundancy).

3 Main Result

Theorem 2 (Main theorem). Let m € N, and A = {a1,...,aq4} be a finite alphabet,
and let € := (Ay)™ be the class of m-piece i.i.d. processes. For k, € o(logn) nw(1),
the sequence of k,-KT distributions { P{"r} . for A is universal almost surely
for the class € for compressing equal number of symbols of each piece. In other
words, for an m-piece i.i.d. source ({X1;}ien, -, {Xm.i}ien) distributed according to
{po. : i € Aa}iZy

P [lim 0 Dty s kT (Xt s Xots s Xoon) = 0] ~ 1. (10)

n—o0

Prior to presenting the formal proof of the main result, let us intuitively argue
why an appropriate k,-KT distribution might be universal for m-piece i.i.d. sources.



On the one hand, by modeling the data using a k,-KT distribution, where £k, is
sufficiently large, we are guaranteed by the law of large numbers that the empirical
frequencies of different symbols (of the alphabet) in the context of length k, at any
position is ‘close’ to the distribution of the piece corresponding to that position. Thus,
learning form longer contexts enables one to: (a) cluster the majority of contexts
into m sets such that each context clus-
ter is likely to be seen overwhelmingly in
only one piece as illustrated in the bell
portion of each distribution in Fig. 2; and
(b) minimize the probability of observ-
ing contexts that are seen with similar
frequency in more than one piece; these
NN contexts correspond to overlapping tail
Contexts overwhelmingly portions of the distributions in the fig-
¥ R ey e | ure. Hence, it is preferable that k,, grows
AL L . with n. On the other hand, by mod-
‘ b elling the source as a kflh—order Markov
\_‘L—Cﬁfﬁg‘; jj@—J process, the number of model parame-
ters that must be learned from the data
is d*»(d — 1) (i.e., one for each element
of A*¥»*+1). Hence, k, ought to be small enough to observe the contexts sufficiently
often. That is must also grow with n. The proof formalizes this argument.

= kn

Depth

Figure 2: Intuition behind Theorem 2.
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) dFn (d—1)

Proof. We will start by establishing that the sequence of distributions {P;:Z?KT}%N
offers vanishing per-symbol redundancy for most source realizations. To do that, let
us start with the typical sequences A(n, ky, a,) = X5y Ae(n, kn, o), where

A€<n7 kn? Oén) = {xlzn . |CS<I£,1:n> - E[CS(XE,I:TL):H < OénE[Cs(Xeyl;n)] fOT’ all s € Ak”Jrl} ,

and parameters o, > 0, and k, will be chosen later. From Lemma 3, it follows that

m —(anEles(Xp 1.,)])?
Pr [(XLM,...,XW,M)¢A(n,kn,an)] <23 Y ¢ memm (1)

{=1s:pg,(s)>0

Now, pick  := (111, Tman) € AN, kn, ). As a shorthand, let €y = x40,
¢=1,...,m. Then, the redundancy p{pgi}ﬁpkn_KT(w) is given by
Hzil pee(wf)
Pipo, 17y kn-KT(Z) = log — o (12)
o}t d—Fn Hk PRE(Cs(x))
seAkn

Z log HZP;{ZGZC( (w<)) ), + log (dk" Hpgé (l’g,l;kn)> (13)
seAkn KT (=1

) N _
~~ "

=Ty =12

Since term Ty < kylogd, the per-symbol redundancy can be made to vanish with n, if

lim n 'k, =0 < k, = o(n) (14)

n—ao0




Now, let us define a Bayesian mixture of the m 1.i.d. distributions as follows.

K s)0 .
A % min{pe,(s): ¢ =1,...,m} >0 .
d=! otherwise

Now, we can introduce the above mixture distribution into T as follows.

— Z log [ 1=, pe.(C zé n Z log HT:lpAs(Cs@Z))'

seAkn H[ 1 pAs .Akn P}?'Jnﬂ(cs(m))
= T1 1 =!:|f1,2

Now, the counts of each string s € A in each piece &, and = are related by

Cs(m) = Z Cs(we) + Z Cs<x£fl,nfkn+1:n7 xz,mn)-
=1 =2

Thus, it follows that

. TS con () + 1) )
PEa(S™ | Col(a ) D(ICy @)l + £)
[P Cle)

pmn Cs m dy 4

KT( (CII)) s F(ZZ:I”CS@:E)HI + 2) ljlr(csai(m) + %)
(17) [ICs(x)|l1— % ICs(xe)|l1 m
< [TUC @)l + ) ST < (min 4 )™

S

Now, using (8) and (19), we can bound T2 as follows.

[T, pa. (Cel2)
T2 = 2, 18 5 (o

() Pa. (2 Cs()) Prp (2 Cs(r))
) ; 8 P (S Cala) <H P (Cy(x)) )

(8),(19)
< dM (d D Jog(mn) + logd + mbk, log (mn + 45) .
g g g

As before, the above terms grow sub-linearly in n provided

d*n <@ log(mn) + log d) + mky log (mn + 4/2) = o(n)

We are now left to bound T1,. To do so, we proceed as follows.

_ A ., Do EIC,(@)](1— )
T- 3 S 2lGe < 57 S

seAkn =1 p)\s seAkn /=1 >\s ]E )](1 + Q{n))

_ Z Z Z (n kn)pe,(8)0r,i(1—an) log )\(n‘—kn)peé(3)9z,i(1+an))

seAkn £=1i=1

(15)

(17)

(18)

(19)



( [ 1+Ozn Z Zpgz DKL OgHA ~|—2anZH 05:| (26)

se Ak £=1 /=1

where Dy, refers to the Kullback-Leibler divergence. Upon using Lemma 1 to bound
the KL divergence term, we see that the expression in (26) grows sub-linearly in n, if

o = o(1) and e 0 = o(1). (27)

Note that €, are constants that depend only on {0, : £ = 1,... ,m}. Now, suppose
that {k,}nen s chosen so that:

lim k, = o0 and k, < Blogn for 0 < <

n—ao0

(28)

210g6’

and a, is chosen to be a suitable function that is o(1) (say, a, = 1/ioglogn). Then, the
three boxed constraints given in (14), (23), and (27) are satisfied. Further, for this
choice of parameters, it can be shown that for any x € A(n,k,,ay,), the redundancy
p{peg}ygl,kn.KT(.’I:) < n'=" for sufficiently large n and for a switable n > 0, and that

*(an]E[CS<XZ,1:n>])2

3 2k2 (n—kn+1) —
T}E{}OZ Z e + 0. (29)

£=1 s:pg,(s)>0

Thus, we are guaranteed that

tim Pr [0 pi oot (Xnsens - ) <077 = 1 (30)

n—0o0
In addition to (29), for this selection of parameters, we can also establish that

—(anEles (X 1.))2

ii Z e—%%m—ka’m <. (31)
n=1¢=1s:pp,(s)

Then, by the Borel-Cantelli lemma [11], we are assured that

Pr I:nh—r»Ic}on p{pe YLy skn KT(XI IR 7Xm,1:n) = O] =1, (32>
which 1s precisely the universality result we aimed to establish. [

We conclude this section with a few remarks and observations.

e The main result above can be straightforwardly extended to unequal piece-
length setting.

e The proof is critically hinged on the fact that the typical set for the m-piece i.i.d.
source covers most of the probability measure, and for each typical sequence, the
redundancy offered by the k-KT distribution grows only sub-linearly. The proof
does not provide an upper bound for the redundancy of the KT distribution for
non-typical source realizations; however, it seems plausible that the universality
holds in the stronger worst-case sense, i.e., for all finite-length sequences over
A, as opposed to only the asymptotic setting discussed above; however, the
worst-case result remains open.



e The sequence of KT distributions are not necessarily strongly sequential, i.e.,
the following equality need not hold.

P[T(nj@(trlzm < T 1: n - Z n+1) Il,l:n+17 s 7xm,n+1> (33>

Tlm,n+1

The potential inconsistency arises because of the fact that the ‘model’ parameter
k, increases with the size n of the data. However, the infinite-depth context-tree
weighting algorithm [7] allows us to devise a sequence of distributions that is
strongly sequential. The universality of the CTW distributions follows from the
fact that the CTW is a mixture of tree-source models of which one corresponds
to the complete tree source T of depth k,; the distribution corresponding to
this complete tree T} is precisely the k,-KT distribution P}’ . That is,

orm = 2r(T;n) © o 92katlog 7

Pr(z1.p P m Py n
Porw (1) :Z ' (T1:0) < kn KT(xl ) kn KT(ml ) (34)

where I'(T) is the weight of the CTW mixture associated with the finite context
tree T'. Consequently, for k, satisfying (28),
1 Pl?n—KT(xlin) 2kt — 1 e

—lo < — 0. 35
n & PCTW(CBLn) n ( )

e Although we have established that the k-KT distribution is universal for the
class of piecewise i.i.d processes, the proof does not establish if the compression
is uniform, i.e., the rate of convergence of the per-letter redundancy to zero
could potentially vary with the actual distribution of various pieces of the data.
For example, the required data size to achieve a certain per-symbol redundancy
when the distributions of different pieces are ‘close’ might be larger than that
required to achieve the same per-symbol redundancy when the distributions of
pieces are ‘very different.’

4 Auxiliary Results

Lemma 1. Let A = {ay,...,a4}, me N, and ny...,n; € N. Let for { = 1,... 1,
and k € N, py 9, denote the multinomial distribution with parameters n and 6, € R+
Suppose that the 1 distributions are distinct, i.e., @, = Oy iff ¢ = {'. Let for s € A¥,

Z kaog 0, (36)
=1 ] 17731%0( )

if Pro,(8) > 0 for some 1 < ¢ < m, and s = [Ya,...,/d] otherwise. Let u be the
smallest positive element of {|6; ; — 0 ;| - 4,4 € {1,...,m},j € {1,...,d}}, and let & be
the smallest positive element of {0;; i€ {1,...,m},je{l,...,d}}. Let #2> € >0,
and m = Y}" ne. Then,

Z Z Nepk0,(8)Dir (06| As) < mh(2mde *%) + 4dm?e **logm,  (37)
seAk =1



Proof. Let S := {s € A" : prg,(s) > 0 for some 1 < £ < m}. Define a jointly
correlated random variables M and X1, over {1,...,m} and A*, respectively, by

Prrxo (0 x) = %pk,gl(m), te{l,....m},ze A" (38)

Thus, X1.x is distributed according to Z;nzl %pkﬂj. Then,

=) Zﬁepke,g )Dicr (0¢]|Xs) ZZWPMZ ) D (0el|Xs)  (39)

seAkf 1 seS /=1
1j Pr.o;(8)
ZZW}%GZ Zeu R (40)
s€S =1 e Pr.0,(8)
u Z-: ﬁ'pk,ej(s)
= > Y e pro,(s)log 22 (41)
s€S =1 Te pkﬂe(s)
m nj
Ne Pk 9/Z Zj:l ;pk,ej(s)
=m 42
;SKZI L Pr0,(8) (42)
=m[H(M) + H(Xl;k\M) — H(Xq.)] = mH(M|X1.1). (43)

Let for £ =1,...,m, Wy [0,] denote the set of strongly typical sequences defined by
Wi ([0/] := {xlzk e A" . ‘k’lcai(xlm) — HM‘ <€l foralli=1,... ,d} ) (44)

It can be easily verified that the sets {Wy [0¢]}]", are disjoint. Now, let us define
Z =30 0 [ Xvp € Wi [00]]. Then, by [12, (1.9)], we have 1 < £ < m,

Pr[Z =10|M =10 =Pr[Xy,eWe[0]| M=10]>1—2de " (45)
Using Bayes’ theorem and (38), it can be shown that for each { =1,...,m,

(1 — 2de "9 Pr[M = (]

1 — 7]6625. 4
Pr[M = {] + Pr[M # (] - (2de*<*9) - 2dme (46)

Pr[M = (|Z = (] >

Using the above bounds with [13, Thm. 1], we can show that

h(2mde %) + 2mde "0 log(m — 1) £ # 0

logm (=0~ (47)

H(M|Z =) < {

Note that by definition, Z is a function of Xi1.x and hence, Z and M are conditionally
independent given Xi.p. Then, by the data processing inequality, it follows that

H(M|X1) < H(M|Z) < h(2mde %) + 4mde " log m. (48)

Lastly, combining the above with (43) completes the claim. n



Lemma 2. Suppose X1,...,X,, are i.i.d. taking values in A according to the distri-
bution pe, @ € A4y. Let k € N and s € A* such that pe(s) > 0. Then the following
concentration bound holds for the count of s in Xi.,.

P[|es(X1n) — Eles(X1n)]| > €] < QTR (49)

Proof. The claim immediately follows from McDiarmid’s inequality [14]. "

Lemma 3. Let {pg,};~, be m distributions over A = {1,...,d} such that pe,(i) = 0y,
for1 <l <mandl <i<d. Let {(Xe1,-., Xen) ey be mn independent random
variables with Xy; ~ pg, for 1 <i<n and 1 <{ <m. Lastly, for 1 <{<m, let

Ay(n, k,a) = {xlzn : }cs Toam) — E[cS(Xg,lm)]‘ < aE[es(Xp1.m)] for all s € Ak“} )
Then,

m m —a?(Bles (Xg,1:0)D)?
Pr [(XLM, o Xam) € X Ayln, k:,a)] >1- Z e~ T (50)
=1 =1 s:pg,(8)>0
Proof. The claim follows directly from Lemma 2, and the union bound. "
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