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Abstract

Given well-shuffled data, can we determine whether the data items are statisti-
cally (in)dependent? Formally, we consider the problem of testing whether a finite
set of exchangeable random variables are independent. We will show that this is
possible and develop tests that can confidently reject the null hypothesis that data
is independent and identically distributed and have high power for (some) finite
exchangeable distributions. We will make no structural assumptions on the under-
lying sample space. One potential application is in Deep Learning, where data is
often scraped from the whole internet, with duplications abound, which can render
data non-iid and test-set evaluation prone to give wrong answers.
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1 Introduction

We consider the problem of testing whether a set of n<∞ exchangeable random vari-
ables X1,...,Xn are independent, solely from observations x1:n :=x1x2...xn sampled from
Q. A distribution Q(x1,...,xn) is called finite1 exchangeable if it is invariant under all
permutations of its argument [DF80]. We make no structural assumptions on the un-
derlying probability space (X n,Σ,Q) beyond Q being exchangeable, and of course that
X ⊇ {x1,...,xn}. Less formally, assume we have observed x1:n, which we believe to be
well-shuffled, and want to know whether they originated from some iid distribution Pθ.
The shuffling implies that the Xt are identically distributed, but it does not make them
independent.

A priori one may think this is a hopeless problem. For instance, if we remove the
‘identically distributed’ condition, every x1:n is independent w.r.t. some non-iid distribu-
tion. One can always take P [Xt=xt]= 1 ∀t, i.e. no valid test can reject the hypothesis
that x1:n are independent, unless one makes some further assumptions on P .

The exchangeability assumption implies that the only useful information in x1:n is the
counts nx := |{t :xt=x}| of each x∈X . They form a minimal sufficient statistic. Due to
the assumed lack of structure in X , the specific label x also bears no information, so we
may as well injectively map each xt to a label from {1,...,d′′}, where d′′∈N is the number
of different xt in x1:n, and can even sort them e.g. w.r.t. decreasing nx. That means, the
only useful information in x1:n is actually the second-order counts mk := |{x :nx=k}|. All
this will be made clear later. We are primarily interested in the case of low duplicity, i.e.
most nx are small, though our results are general.

Contents. We provide some motivating examples in Section 2, which also informally
show that the second-order counts mk can indeed sometimes reveal that x1:n did not
come from an iid process. A practical example is data duplication in machine learning
and the test set contamination problem it results in. In Section 3 we introduce first-order
counts nx and second-order counts mk, exchangeable distributions, and the nature of
statistical tests in this context for finite and countable X . In particular we reduce iid
distributions to multinomial distributions, and then for our tests to a mixture of Poisson
distributions. We then show in Section 4 that we can reduce every X whatsoever to X=N
or X={1:d} with discrete σ-algebra Σ=2X . After this lengthy preparation, we are finally
able to develop our statistical tests in Section 5. The tests we consider are based on the
observation that a mixture of Poisson distributions is “smooth”, so if mk as a function of
k is not sufficiently smooth, this can be used as evidence for dependence. The tests are
summarized in Theorem 13. We experimentally verify our tests in Section 6 on artificially
generated data. In Section 7 we give an outlook on alternative ways of deriving iid tests
for exchangeable data. Section 8 concludes.

In Appendix A, we state/derive a number of technical lemmas we require to derive
our tests. For improving the power of our tests, in Appendix B we derive upper bounds
on our test statistics analogous to Section 5 but without the Poisson approximation, i.e.
directly for iid X or the multinomial distribution. Details on the multinomial and product
of Poisson distributions and their relation can be found in Appendix C. They are used to
derive upper bounds on the variance of our tests in the multinomial model. The example

1We do not consider infinite exchangeable sequences, so we can safely drop the word ‘finite’ in the
following.
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of 2 shuffled cards deck is analyzed in Appendix D. A list of notation can be found in
Appendix E.

Unrelated work. Independence tests in the literature most often refer to testing
whether a pair of random variables (X,Y ) is independent, given a number of iid(!) sam-
ple pairs {(xt,yt)} (mutual information and chi-square tests are popular). Our setup is
totally different and much harder.

Another setup is stochastic processes. Dependence can be tested via estimating auto-
correlation coefficients, but this requires ordered data and X =R. One could use some
other independence test on the pairs {(xt−1,xt)} without the X =R assumption to test
a Markov vs iid hypothesis, and/or adapt auto-correlation tests to unordered data. We
briefly remark on this in Section 7. Rather than assuming exchangeability, [RRLK22]
develop stopping criteria that test whether some binary (Markov) process is exchangeable
(rather than iid).

2 Examples & Potential Applications

In this section we will provide some motivating examples and potential applications.
This will also provide some intuition why rejecting the hypothesis Hiid that data is iid
is possible at all, but also the difficulty from not having any more structure available.
We consider biased coin flips (binomial process), Black Jack, and data duplication. We
also discuss the relevance to machine learning, whose dominant training paradigm still
operates under the iid assumption.

Binomial. Consider a bag of 1000 marbles. Our null hypothesis is that they have
been randomly painted Yellow=1 or Blue=0. If we draw them all they form a binary
sequence x1:n = x1x2...xn ∈ {0,1} of length n=1000. If x1:n/2 =1n/2 and xn/2+1:n =0n/2

we confidently reject the hypothesis Hiid that x1:n was sampled i.i.d. But we are unlikely
to observe such a sequence since x1:n are well-shuffled (sampled from an exchangeable
process). Consider as alternative hypothesis that someone bought a pack of 500 yellow
and a pack of 500 blue marbles and mixed them in the bag. Drawing all, a typical
sequence x1:n = 0111100101...0100100100 looks random, or does it? There are exactly
n0 = n1 = n/2 = 500 ones and zeros. Even for a fair “coin”, we expect only about n/2
ones. So would or should you believe anyone telling you that this is a sequence of fair
coin flips? The probability of observing exactly n/2 ones in a sequence of n fair coin flips
is around

√
2/πn=2.5%, and for a biased coin the probability is even smaller, so a test

for N1
?
=n/2 would confidently reject the hypothesis Hiid that the x1:n above arose from

an iid process (have been painted randomly).
What about n=1′000′000 and n1 =314′159. Obviously this is not from a fair coin,

but our aim is to test for iid, not fairness. Could such a sequence have been the result
of a biased coin? Since we assume the bits to be perfectly shuffled, n1 is a sufficient
statistic, so any test plausibly should only depend on n1, and not the sequence x1:n itself.
The probability that N1=n1 is ≤0.00086 for a coin of any bias, i.e. test N1

?
=n1 would

reject Hiid. Of course, tests have to be designed before observing the data, and a-priori
n1=314′159 is unlikely, so such a test is unlikely to have any power. We can of course
combine tests and apply a union bound, but not too many, otherwise the tests become
too weak. n/2 seems special, so maybe we should put such a test in the mix, but what
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about 314′159? It’s the first 6 digits of π. Maybe this is too much numerology, but what
about testing for prime n1? The density of primes p is around 1/lnp, so a-priori we should
expect an n1 around 3·105 to be composite (with confidence 1−1/ln(n1)=̇93%), while
314′159 is actually a prime. Maybe this is just not enough to reject Hiid, but we could
always up the numbers.

Imagine n so large that the binary representation of n1 contains some encrypted
message or a long segment of Chaitin’s number of wisdom. In general, finding every
pattern in n1 is an AI-complete problem. There are universal tests which in principle
could test for all such eventualities, and in some situations practical approximations
thereof can be very powerful. We discuss them briefly in Section 7, but we were not able
to make them work as well as the specific tests develop in this paper, so will not consider
universal tests any further (nor will we delve into numerology any further).

Black Jack. A standard deck of cards without Jokers consists of 52 cards of 13 ranks,
each in four suits, two red and two black. If we shuffle together infinitely many such
decks and then draw n cards, this equivalently to drawing cards uniformly iid from the
|X |=52 different card faces. If we have only one deck and draw all 52 cards from it, we
obviously observe every card exactly once. Such an outcome would be extremely unlikely
had we drawn 52 cards from an infinite set of decks (see (5)).

Assume now an unknown number of decks have been shuffled together. Assume n
cards have been drawn so far from this pile and we remembered their face (called card
counting strategy). An interesting question is to infer the number of decks the cards have
been drawn from. Or consider the weaker question: Are x1:n consistent with Hiid? If yes,
we cannot infer the next card face better than by chance (1/52), so should not waste
our time trying to do so, and wait with raising the stakes for when we have seen more
cards. The answer to this question is relevant even if we know the number of decks c.
For Black Jack, 1-8 decks are used, in casinos often 6. If n is small, we will not be able
to reject Hiid, but if we have seen all cards, then each card will appear exactly c times,
again ruling out Hiid. If we are close to the end of the pile, most faces will have appeared
c times, none more, and only a few significantly less. Even mid-way through the pile,
each face has appeared at most c times, which is evidence against Hiid for small c. For
instance, the chance of seeing no face twice when drawing 26 cards iid from 52 faces is
less than 0.2% (cf. the birthday paradox). That is, latest half-way through a single deck,
this fact is revealed. If cards are drawn from 2 decks, more than 52 cards are needed to
reveal that they are not iid (Figure 3 bottom right).

Data duplication. In modern Machine Learning, esp. Deep Learning, data x1:n is
abundant (large n) and observation spaces are huge (large X ). For instance, ImageNet
consists of over 14 million images, usually resized or cropped to e.g. 224×224 pixels of
256×256×256 colors, i.e. X = 2563×224×224. We can as well assume that X is infinite.
Assume x1:n contains no duplicate images and is well shuffled. As we will show later,
no valid test can reject Hiid in this case. But if x1:n contains duplicates one may be
able to reject Hiid, similarly to the Black Jack example above, even without knowing
anything about the observation space X . For instance, assume every observation is
duplicated, i.e. every x that appears in x1:n appears exactly twice. For uncountable X ,
if x is sampled from a probability density, the probability of sampling the same x twice
is 0. So duplications can only happen if Pθ contains point masses, i.e. is not purely
continuous, i.e. Pθ(x)>0 for some x. For finite or countable X , this is necessarily true.
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But if Pθ(x)>0, then the frequency of seeing x is binomially distributed. While seeing
some x twice is plausible, seeing all x exactly twice is very unlikely, so we can reject Hiid:
If data is iid and some items are duplicate, we should also see triples and quadruples, etc.

Relevance for machine learning. The predominant training and evaluation protocol
in Machine Learning in general and Deep Learning in particular is still to assume the
data is iid, train on most of the data and evaluate on the rest. Interestingly, this is true
even for models dealing with definitely non-iid text. For instance, for Transformers, text
is crudely chopped into chunks of equal length and then shuffled. The empirical test loss
is an unbiased estimator of the true loss, so is a proper way of comparing the performance
of different models. Data sizes in modern machine learning are huge, so that even 10%
held-out data is so much that test noise is often of little concern. That’s at least the
general story.

But in Deep Learning, data these days is often scraped from the whole internet, and
duplications abound. For instance, assume the whole data set contains 3 copies of each
data item. If we randomly split off 10% as the test set, then the train set contains nearly
all (99%) of the test set items. With heldout-validation a pure memorizer without any
generalization capacity will perform nearly perfectly on the test set [BLH22], but will fail
in practice on future data [RRSS19]. Indeed shuffling the data makes this problem worse
[SEBF21, GB19]. The problem is known as test set contamination, and well known.

The standard solution is to decontaminate or clean the data, e.g. removing duplicates,
but this does not suffice. One has to remove approximate duplicates too. But at what
threshold for example should a document that cites a training-set document verbatim
be removed from the test-set? When are two images scraped from the internet rescaled
or cropped or jpeg compressed versions of the same image, and even if so, should they
be regarded duplicates? While approaches exist that meliorate the problem, in theory
this problem is ill-defined [Hut06, FAQ], and in practice a huge, actually AI-complete,
problem [BMR+20, App.C].

Test set evaluation is empirically sound for iid data, therefore the failure of this
paradigm must be attributed to the non-iid nature of the data. The strength and weakness
of the iid tests developed in this paper are that they are completely model- and data-
agnostic. This makes them universally applicable and valid, but also very weak. On the
other hand, as discussed above, finding good/perfect model- and data-type-sensitive tests
is itself a difficult/impossible research question beyond the scope of this article. Finally,
just because data is not iid does not necessarily imply that the train/test set paradigm
fails, but one has to proceed with care or prove ERM bounds for the considered non-iid
distributions.

3 Problem Formalization and Preliminaries

We now introduce notation and concepts used throughout the paper: general notation, the
multinomial and Binomial distributions, first-order and second-order counts, exchange-
able distributions, and invariant statistical tests. The reader familiar with these concepts
could skim this section to just pick up the notational convention used in this article.

Notation. We use calligraphic upper letters such as X for sets and |X | or #X for
the size of X , and the Iverson bracket JTrueK := 1 and JFalseK := 0. Probability spaces
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are denoted by (X n,Σ,P ) with d = |X | ∈ N∪{∞}. Pθ denotes iid distributions. Q
denotes exchangeable distributions. Capital letters X,N,M,T,E,O,D,C,U,V,Z,Y denote
random variables, and corresponding lower case letters samples corresponding to them.
We will use the shorthand P (x) := P [X = x] and similarly for other random vari-
ables. The variance of Z is V[Z] := E[Z2]−E[Z]2 and the covariance of Y and Z is
Cov[Y,Z] :=E[Y Z]−E[Y ]E[Z]. In addition to the classical O() notation, OP (f(n)) de-
notes all random functions F (n) for which ∀δ>0 ∃c>0 ∀n :P [|F (n)|≥c·|f(n)|]≤δ. We
use f(n)≲ g(n) to denote f(n)≤ g(n)·[1±OP (1/

√
n)], and similarly ≳ and ≃. We use

≲ even when stronger asymptotic or non-stochastic bounds would be possible, since we
mostly care about the leading-order approximation in n and not the approximation error
as long as it tends to zero almost surely for n→∞. See Appendix E for more standard
notation and beyond.

Multinomial distribution. Let X1:n := (X1,...,Xn) be X -valued random variables.
Let x1:n be sampled from some probability distribution P , where xt∈X for t∈{1 :n} :=
{1,...,n}. Though our tests apply to general measurable (finite, infinite, uncountable) X ,
we will show in Section 4 that without loss of generality we can and hence will restrict
our analysis to X = {1 : d} or X =N (d=∞), and Σ= 2X . We will use the shorthand
P (x1:n) :=P [X1:n=x1:n] and P (xt)=P [Xt=xt] and similarly for other random variables.
The null hypothesis Hiid = {Pθ} is that X1:n are i.i.d. In this case P = Pθ for some
θ∈ [0;1]d with

∑d
x=1θx=1 and Pθ(x) :=θx. Let nx :=#{t :xt=x}∈{0 :n} be the number

of times x appears in x1:n, called (first-order) item count, and Nx :=#{t :Xt=x} be the
corresponding random variables. Then Pθ can be written as

Pθ(x1:n) = Pθ(x1)·...·Pθ(xn) = θx1 ·...·θxn =
d∏

x=1

θnx
x

This expression is independent of the order of x1:n, which leads to the multinomial dis-
tribution

Pθ[N1:d=n1:d] =
( n

n1,...,nd

) d∏
x=1

θnx
x (1)

In particular the probability of event Nx=k has a binomial distribution (see Appendix C
for further details):

Pθ[Nx=k] =: Pθx(k) = fn
k (θx)

fn
k (θ) := Pθ(k) = (n

k
)θk(1−θ)n−k (2)

Poisson distribution.

Lemma 1 (Poisson distribution). The Poisson(λ) distribution Pλ(k) := λke−λ/k! =:
gk(λ) for λ≥ 0 and k ∈N0 has the following properties: E[k] =V[k] = λ. For fixed k it
is unimodal in λ with maximum at λ∗ = k and maxλPλ(k)=Pk(k)= (1− ε̇k)/

√
2πk and

0≤ ε̇k→0 (18).

With a slight overload in notation, let Pλ(n) :=
∏d

x=1λ
nx
x e−λx/nx! for n ∈ Nd

0 be a
product of d independent but not identical Poissons, where n≡ n1:d. It is well-known
that Pθ(n1:d)=Pλ[N1:d=n1:d|N=n] for λ=nθ and N :=N+=N1+...+Nd. The mean and
variance of Poisson(λ) are both λ, hence Eλ[N ] =

∑
xEλ[Nx] =

∑
xλx = n and similarly
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Vλ[N ]=n (using independence). This means that N=n±OP (
√
n) is close to n for large n,

and therefore under certain conditions, Pθ[Nx=k]≈Pλ[Nx=k] even without conditioning
on N=n. For instance, Eθ[Nx]=nθx=λx=Eλ[Nx] and Vθ[Nx]=nθx(1−θx)≤nθx=λx=
Vλ[Nx]. Unfortunately, for the events R we care about, it is extremely cumbersome to
quantify the relation Pθ(R)≈Pλ(R). We will do so in Appendix C, but state an imprecise
version that captures the flavor of the relations here:

Theorem 2 (IID = Multinomial ≈ Poisson Product, strong, informal). For many events
E⊆Nd

0 and random variables Z :Nd
0→R of interest, for λ:=nθ and large n, Pθ[E]≈Pλ[E],

Eθ[Z]≈Eλ[Z], Vθ[Z]≲Vλ[Z]. This holds in particular for (restricted linear combinations
of) basic events Ex

k :={n :nx=k} and random variables Mx
k :=JNx=kK.

In the main Section 5 we will not use this result but adopt a simpler approach: Noting
that N is itself Poisson(n) distributed, for n+=n we have

Pθ(n) = Pλ(n)/Pλ[N=n] = cn ·Pλ(n), where (3)

Pλ[N=n] = Pn(n) = nne−n/n! =: 1/cn

≃1/
√
2πn

The intuition is that Pθ is restricted to N=n, while Pλ is spread out over N=n±OP (
√
n).

Lemma 3 (Pθ vs Pλ, weak, formal). For any (set of counts) event R⊆{n:
∑

xnx=n},
we have Pθ[R]=Pλ[R|n]=cn ·Pλ[R], where cn :=n!(e/n)n ≃√2πn.

In particular, we can upper Pθ[R]≤ cn ·Pλ[R]. For our tests, P [R] is typically expo-
nentially small in n, so the blow-up by cn=O(

√
n) is insignificant in theory: Increasing

sample size from n to n+O(logn) ≃n cancels cn. We therefore can and will treat the item
counts N1,...,Nd as independent Poisson distributed Nx∼Pλx , i.e. N ≡N1:d∼Pλ, which
greatly facilitates the developments of our tests. In Appendices B and C we show that
cn can directly be replaced by 1 in many cases of practical interest.

Second-order count multiplicity. Let mk :=#{x :nx=k} be the number of x that
appear k times in x1:n, called (second-order) count multiplicities, and Mk :=#{x :Nx=k}
be the corresponding random variables. Note that Mk=0 for k>N but Mk=0 also for
many k≤N due to

∑∞
k=0k ·Mk=N and

∑∞
k=0Mk=d. Let M+ :=

∑∞
k=1Mk=#{x :Nx>

0}=#{X1,...,Xn} be the number of different Xt, not counting multiplicities. We are
mostly interested in d=∞, in which case M0=∞ is not a useful statistic. We therefore
exclude M0 in M :=M1:n.

Exchangeable distributions. Non-iid distributions will be denoted by Q. A distribu-
tionQ is exchangeable if it is invariant under permutations of x1:n, i.e.Q(x1:n)=Q(xπ(1:n)),
where π∈Sn is any permutation of 1:n. As in the iid-case, Q only depends on the counts
n. Let Q be the class of all exchangeable distributions Q.

For instance, for d=2, Laplace’s rule Q(xt+1|x1:t) = (#{τ ≤ t : xτ = xt+1}+1)/(t+2)
has exchangeable but non-iid distribution Q(x1:n) = n1!n2!/(n+1)!. Similarly for the
Good-Turing and Ristad distributions [Hut18].

Exchangeable distributions occur naturally as follows: Assume X ′
1:n are drawn from

an arbitrary distribution Q′, and then perfectly shuffled such as to destroy any order
information. Formally, X1:n =X ′

Π(1:n), where Π is drawn uniformly from all permuta-
tions Sn. It is easy to see that X1:n are exchangeable random variables. In particular
exchangeable X1,...,Xn are identically distributed, i.e. Q[Xt=x]=Q[Xt′ =x].
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Note that we only demand (finite) exchangeability for fixed n <∞. (Infinite) ex-
changeability for all n∈N is a much stronger condition [DF80]. Indeed, by de Finetti’s
theorem, an infinite exchangeable process X1,X2,X3,... is equivalent to first randomly
choosing some θ with suitable (prior) probability, and then drawing X1:∞ iid from Pθ.
Hence given only one sequence x1:n or even x1:∞, infinitely exchangeable processes can
not be distinguished from iid processes, even asymptotically for n→∞.

Invariant statistical tests. Inspired by its use in conformal prediction, we use the
following shorthand: Given some significance level 0<α< 1, a valid (statistical) test is
a reject region R⊂X n such that Pθ[R]≤α ∀θ. We can reject the hypothesis Hiid that
x≡x1:n is iid with confidence 1−α iff x∈R, that is, Hiid is falsely rejected (Type I error)
with probability at most α. Reject regions are most often defined via a test statistic
T : X n → R and R = {x : T (x) > c} for some critical value c ∈ R. T at critical level
cα := inf{c : supθPθ[T (X)>c]≤α} has significance α. The p-value of a test T for data x
is p := supθPθ[T (X)>T (x)] is the smallest level α at which we can reject Hiid: T can
reject Hiid with confidence 1−p [Was04, Thm.10.12].

Since we assume X1:n are exchangeable (shuffled), it is natural to ask for a test to
reject Hiid independently of the order in which X1,...,Xn are presented. That is, T should
be a function of the item counts N1:d only.

Furthermore, we do not want to make any structural assumptions on X . While each
Q∈Q is not necessarily invariant under permutations of elements of X , the class Q itself
is. Since we want to test against all Q, it is natural to consider tests that are not affected
by permuting X , that is, T (X1:n)=T (π(X1),...,π(Xn)), where this π is any permutation of
elements in X . Combining both invariances, we must have T (X1:n)=T (N1:d)=T (Nπ(1:d)).
T is invariant under reordering of N1:d iff it only depends on M0,...,Mn. It may be
possible to make an argument for order-independent tests that among the most powerful
tests w.r.t. to some invariant sub-class of Q there is always an invariant test, i.e. they
include all minimax optimal tests.

Definition 4 (Invariant tests T ). We call tests T :X n→R that are invariant under
permutations of the argument x1,...,xn as well as invariant under permutations of the
elements in X , invariant tests. Invariant tests are functions of M0,...,Mn only.

The power of tests. Neyman-Pearson use alternative hypotheses to determine the
power β=Q[T >c] of a test T for Q (1−β=Type II error). In our case, the alternative
hypothesis is the set of exchangeable distributions without the iid distributions Hiid :=
Q\Hiid. There are no uniformly most powerful (UMP) tests for Hiid, not even close; Hiid

is too broad. Each test will have high power for some subset of Q and low power for other
Q∈Q. All tests are powerless against nearly-iid distributions. We do not formally define
“interesting” subsets of Q and derive the power of tests for them or find UMPs for these
subsets. We focus on developing tests which have known small (upper bound on the)
Type I error α = small size α = significance level α = probability of falsely rejecting Hiid

when it is actually true. We therefore rarely mention Q, so unless explicitly mentioned
to the contrary, distributions and sampling refers to iid or multinomial or Binomial. Our
work is closer in spirit to Fisher hypothesis testing without alternative hypothesis, but
we do demonstrate the power of the tests analytically on a toy example and at the end
of Section 5, and empirically in Section 6 on some hand-selected Q.
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4 Reducing general X to N
In this section we discuss general probability spaces (X n,Σ,P ), only to discover that we
can without loss of generality restrict our analysis to X =N and X ={1:d} with discrete
σ-algebra Σ = 2X . The only assumption we have to make on Σ is that it contains all
singletons, {x}∈Σ ∀x∈X n, in order for the events X=x to be measurable. For example,
every T1 or Hausdorff space provided with the Borel sets satisfies this, in particular Rn.

Infinite X . So far we have considered finite and countable X . Consider now X n=Rn

with joint Gaussian density ρ=Gauss(0,Ξ). The probability that x1:n contains repetitions
is zero, hence x1,...,xn are all different, so M0 =∞, M1 = n, Mk = 0 ∀k ≥ 2. Since an
invariant test T is a function of M0:n only, there is a constant c′ such that almost surely
T (M0:n)= c′, hence Qρ[T >c] is identically 0 or identically 1, i.e. the same for all Ξ. It
cannot be 1, since T must satisfy Qρ[T >c]≤α<1 for iid Qρ (Ξtt′ ∝ Jt= t′K), but then T
never rejects Hiid, even if ρ is non-iid and maximally correlated (Ξtt′=1 ∀tt′). In general,
any uncountable X can be equipped with a σ-algebra and non-atomic measure, leading to
the same conclusion. Now consider X =εZ and discretize ρ. For ε→0 the conclusion still
holds. Formally, for every δ>0 there exists an ε>0, such that all x1,...,xn are different
with probability at least 1−δ. Hence the conclusion also holds for countably infinite X .

Proposition 5 (All tests are powerless against densities). If X is infinite and
all x1,...,xn are different, no valid invariant test can reject Hiid. In particular, X1:n are
almost surely all different if sampled from a non-atomic measure, e.g. if the measure has
a density w.r.t. to the Lebesgue measure on X =Rd.

Reduction of X to R. Let Xpp :={x∈X :P [{x}]>0}, which is countable, β :=P [Xpp],
then Ppp[A]:=P [A|Xpp] is a pure point measure and Ppp[A]:=P [A|X \Xpp] is non-atomic:

P [A] = β ·Ppp[A] + (1−β)·Ppp[A]

i.e. every measure P can be decomposed into a pure point measure and a non-atomic
rest.

Consider now a point measure P̃pp on R with P̃pp[{2i}] :=Ppp[{yi}] and zero elsewhere,
where Xpp={y1,y2,...} is some enumeration of elements in Xpp. Now define

P̃ [A] = β ·P̃pp[A] + (1−β)·Gauss0,1[A] (4)

As far as the second-order counts M :=(M1,...,Mn) and M0=∞ are concerned, P̃ [M =
m]=P [M=m], since for the discrete part we bijected Xpp to (a subset of) 2N with same
probability mass, and M is invariant under such bijection. As for the non-atomic part,
in both cases, we almost surely each time sample a novel x not seen before, i.e. only M1

is affected and increases by 1 with probability 1−β. That is, we can restrict ourselves to
measures on R of the form (4):

Proposition 6 (X =R suffices). For every invariant test T ,
P [T >c]≤α for iid P on X ⇐⇒ P̃ [T >c]≤α for iid P̃ on R of the form (4).

Note that T only depends on the counts M and M0, so the same T is defined across
every X , and gives the same result independent from which infinite space {x1,...,xn}⊆X
came from.

9



Reduction of R to N. Consider P̃ℓ[{2i−1}]:=1/ℓ for i=1,...,ℓ and 0 on R else. Assume
we draw n iid samples from P̃ℓ. The probability of sampling some x twice is

P̃ℓ[∃t ̸= t′ :Xt=Xt′ ] ≤
∑
t̸=t′

P̃ℓ[Xt=Xt′ ] =
∑
t̸=t′

1

ℓ
≤ n2

ℓ
(5)

That is, for fixed n, the probability for all x being unique (Pℓ[M=(n,0,0,...)]) tends to 1
for ℓ→∞. Combining this with the point measure above implies for all m :=m1:n,

β ·P̃pp(m)+(1−β)·P̃ℓ(m) −→ P̃ (m) for ℓ→∞ (6)

Proposition 7 (X =N suffices). For every invariant test T and infinite X ,
P [T >c]≤α for all iid P on X ⇐⇒ P̃ [T >c]≤α for all iid P̃ on N.

This justifies our restriction to finite X ={1:d} and countable X =N (d=∞).

Finite X . Embedding finite X into infinite X : Observing (only) x1:n, we we do not want
to make any assumption from which space X they have been sampled from. Obviously
|X |≥M+ is needed. But any P on a finite domain, say {1:d′}, can be extended to infinite
X by setting P [X \{1:d′}]=0 without affecting M , i.e. infinite X also contain all finitely
supported P . So if a test has confidence 1−α for |X |=∞, then it also has confidence at
least 1−α for |X |<∞. The converse however is not true:

Knowing X is finite and its size d: While d=∞ includes all measures that have finite
support, i.e. θx=0 for all x>d′, knowing that d is finite provides extra information, so
the d=∞ analysis does not automatically include the case where d is known and finite.
While the d=∞ tests remain valid for d<∞, stronger tests are possible for d<∞. The
reason is that M0 depends on |X |.

Example: Recall that no invariant test can reject Hiid if all xt are different (M1=n),
but this relied on X being infinite. On the other hand, if we know/assume |X |=n, then
the probability of seeing every x∈X exactly once is

Pθ[∀t ̸= t′ :Xt ̸=Xt′ ] = n!·
∏
x∈X

θx ≤ n!·max
θ

∏
x∈X

θx = n!
∏
x∈X

1

n
=

n!

nn
≤

√
n·e1−n

This is extremely small for large n, so Hiid can be rejected with very high confidence.
In particular having observed x1:n and knowing nothing about X , we cannot choose
|X |=d=#{x :Nx≥1}≡M+=

∑n
k=1Mk, even if we were somehow able to deal with the

fact that such d would itself be random.
Approximating infinite X by finite X : While we made the case for countably infinite

X , for fixed n and the approximate results we aim at, we actually do not need to consider
d=∞, but ℓ=d=n3 suffices: We sort x in decreasing order of P [{x}], truncate Xpp to
1
2
n3 elements and choose ℓ= 1

2
n3 (see above). So any potential complications from d=∞

can easily be avoided, but it turns out that mostly d=∞ is more convenient.

Exchangeable Q. The above reduction can be extended to exchangeable distributions
Q∈Q. Let countable Xpp :={x∈X :Q[Xt=x]>0} similarly to before. Note that Q[Xt=x]
is the marginal distribution and independent of t. If Q(x1:n)>0 then Q[Xt=xt]>0 ∀t,
hence x1:n∈X n

pp, hence X n
pp covers all atoms of Q (and possibly some non-atoms, but this

is not a problem). Now Q can be decomposed as

Q[A] = β ·Qpp[A] + (1−β)·Qpp[A]

10



for measurable A⊆X n, where β :=Q[X n
pp], Qpp[A] :=Q[A|X n

pp] is a pure point measure
and Qpp[A] :=Q[A|X n\X n

pp] is non-atomic. The rest of the reductions from X to R to N
to {1:n3} and Propositions 6 and 7 are the same as for iid P . It is important though to
reduce Xpp to 2N, i.e. X n

pp to (2N)n, and not X n
pp to 2N to preserve the equality structure.

The Gaussian in the Q-analogue of (6) will be n-dimensional.

Continuous X . This section showed that we can restrict our analysis of p-values and
Type I errors to countable X . This does not mean that our tests can only be applied
to countable X . For instance, consider our running data duplication Examples 9 to 12,
which can result from n/2 data items drawn i.i.d. from some non-atomic P1 (density)
over some continuous X , then each item is duplicated, and finally everything is shuffled.
This results in a non-iid exchangeble data set x1:n with m2=n/2 and mk=0 for k=1 and
all k>2. Most of our tests confidently reject this as non-iid for n≳15. The exchangeable
distribution Q from which x1:n is sampled has explicit representation

Q[X1:n∈A1×...×An] =
1

n!

∑
π∈Sn

n/2∏
t=1

P1[Aπ(2t−1)∩Aπ(2t)] (7)

for even n and measurable At⊆X , where π∈Sn is any permutation of 1 :n. Cf. (14) for
discrete X .

5 I.I.D. Tests

We are finally in a position to develop some tests. We first outline the common idea
behind all tests developed in this section. In Section 7 we discuss alternative approaches.
We then derive a couple of tests that feel natural. Although they follow a common theme,
they are quite diverse in the sense that every test highlights a new or different feature
or power or technical difficulty. The most basic test uses a single Mk, all others are
linear combinations thereof, except the last one, which is a logarithmic combination. The
even and odd tests E and O are global sums of Mk over all even/odd k. The slope test
Dk=Mk−Mk−1 is a bit more difficult to derive but also allows for a lower bound test. The
curvature test Ck=2Mk−Mk−1−Mk+1 and its logarithmic version Ūk=ln(M2

k/Mk−1Mk+1)
can be very strong. Also, while some tests require to use the empirical variance (E,O,Ūk),
for others a theoretical upper bound is possible (Dk,Ck,Mk) and better (Mk). P , E, V,
W are w.r.t. the mixture of Poisson distributions Pλ (3), which approximates Pθ.

The general idea behind the tests. First note that the Poisson distribution Pλ(k)=
λke−λ/Γ(k+1) is smooth if we take the liberty of plugging in k∈R (see e.g. E[Mk] curve
in Figures 2 left for “uniform”). It has a unique maximum at k=λ and is log-concave, so
a rather benign function. For large λ, Pλ(k) is also “smooth” in k∈N0 in the sense that
its finite-difference approximations of slope and curvature (and higher) are small. It still
has a unique maximum at k≈λ and is log-concave, and indeed approximately Gaussian
with mean and variance λ. Pλ(k) is also differentiable in λ, which we will also exploit.
Now consider

E[Mk] = E[#{x :Nx=k}] = E
∑

xJNx=kK (8)

=
∑

xPλ[Nx=k] =
∑

xPλx(k) =
∑

xgk(λx)

11



That is, E[Mk] is a sum of Poisson(λx) distributions. Depending on the distribution of
λx, E[Mk] as a function of k may have multiple extrema, but as a mixture of Poissons
it cannot be less smooth and typically is even more smooth (see e.g. E[Mk] curve in
Figures 2 left for “linear” mixture). Since M̄k→E[M̄k] for n→∞, Mk as a function of k
will inherit any (lack of) structure in E[Mk], just with noise added. Since invariant tests
can only depend on M , they must test for some such property. For instance, no Poisson
and hence no mixture of Poissons can have E[Mk]=0 for all odd k (see e.g. Figures 2 left
for “even-n”), so Mk=0 for all odd k is strong evidence against X being iid.

Linear tests. Most of our tests are based on (signed) linear combinations of a subset of
the Mk. The general template for upper bounds on the mean and variance is as follows:

Proposition 8 (Poisson upper bounds for linear tests). Let T=
∑

kαkMk for αk∈R.
Provided all involved sums and integrals are absolutely convergent, we have
τ :=E[T ]≤n·supλ>0g(λ)/λ=:τub, where g(λ) :=

∑
kαkPλ(k)=

∑
kαkλ

ke−λ/k!, and
V[T ]≤

∑
kα

2
kE[Mk]≤ V ub, where V ub :=

∑
kα

2
kµ

ub
k with µub

k ≥E[Mk] upper bounding the
expectations of Mk.

Instead of upper bound V ub as defined above, for some of our tests we use random
V ub=

∑
kα

2
kMk, which is an upper bound in expectation justified by Lemma 21.

Proof. Using (8) and Lemma 16 we can upper bound

E[T ] =
∑

kαk

∑
xPλx(k) =

∑
xg(λx) ≤ n·supλ>0g(λ)/λ

For the variance, for Zx
k :=JNx=kK, we have Z+

k =Mk and Zx
kZ

x
k′ =0 for k ̸=k′. Further-

more, Cov[Zx
k ,Z

x′

k′ ] = 0 for x ̸= x′ since Nx and Nx′ , hence Zx
k and Zx′

k′ are independent.
Hence Lemma 23 implies

V[T ] = V[
∑
k

αkZ
+
k ] ≤

∑
k

α2
kE[Z+

k ] =
∑
k

α2
kE[Mk] ≤

∑
k

α2
kµ

ub
k

0.1 0.2 0.3 0.4

f(
)/

Plots of normalized f( )/  for Tests E, O, M , D , C , U
Even
Odd
M
D
C
U

Figure 1: Normalized g(λ)/λ≈f(θ)/θ for Tests E,O,Mk,Dk,Ck,Ūk for k=2

Second-order count tests Mk. We first determine upper bounds for the second-order
counts Mk for each k separately. We can apply Proposition 8 with αk′ = Jk′=kK or just
directly apply Lemma 16:

µk := E[Mk] =
∑
x

gk(λx) ≤ n·sup
λ>0

λk−1e−λ

k!

= n
(k−1)k−1e−(k−1)

k!
=

n

k

1−ε̇k−1√
2π(k−1)

=: µub
k (9)
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The bound follows from gk(λ)/λ=λk−1e−λ/k! being maximal for λ∗=k−1 (cf. Figure 1).
The approximate expression follows from Lemma 25 with 1/(12k+1)≤ ε̇k≤1/12k. Note
that for k = 1 the bound is valid but vacuous. We see that the relative frequency of
k-multiplicities µ̄k = µk/n is upper bounded by O(k−3/2), i.e. the expected number of
such items is k ·E[Mk] =O(1/

√
k). From Lemma 1 we know that for a single Poisson

maxλPλ(k)≈1/
√
2πk, hence a mixture of Poisson(λ)’s cannot be larger, which is consis-

tent with the result above.
By Proposition 8 we (also) have V[Mk]≤E[Mk]≤ µub

k , so by Lemma 21 with Zx =
JNx=kK∈ [0;1], the p-value for rejecting Hiid is

p ≲ Φn((µ
ub
k −Mk)/

√
µub
k ) ≤ exp(−1

2
n(M̄k−µ̄ub

k )2/µ̄ub
k +O(1)) = e−O(n/k3/2)

We need to use Φn(y) := cn ·Φ(y) (see (3) and Definition 18) rather than Φ, since in
reality Mk ∼ Pθ while E and V were w.r.t. Pλ, so p= Pθ[T (M)> c]≤ cn ·Pλ[T (M)>
c] ≃cn ·Φ(···)=:Φn(···) for all of our tests T . The Φn-bound only holds if Mk >µub

k and
the exponential bound if furthermore n is sufficiently large. We could also have chosen
V ub=Mk, a random upper bound on V[Mk], but if Mk<µub

k , then p≥ 1
2
, so the test has

no power, and if Mk>µub
k , then using µub

k leads to a stronger test than using Mk.

Example 9. Our running example for all tests will be a data set where each data item
is duplicated and appears exactly twice. In this case, M2=n/2 and all other Mk=0. For
k=2 we have µ̄ub

2 =1/2e=̇0.184 and p≲ exp(−1
2
n(1

2
− 1

2e
)2/ 1

2e
)=̇e−0.271n. i.e. Hiid can be

extremely confidently rejected for moderately large n. For k ̸=2, the tests have no power
(M̄k=0<µ̄ub

k ). ♢

Even and odd tests E and O. Example 9 suggests non-trivial upper bounds on the
even and odd second-order counts Mk, and a test based on that, but we have to be a bit
careful. For d=∞, there are d−n=∞ many unobserved x∈X , hence M0=∞. Similarly,
for λx = n/d and d→∞, every x is observed exactly once, hence M1 = n and all other
Mk=0, again not leading to a useful test. The general solution is to exclude M0 and M1.
First, for αeven

k :=k ·Jk ̸=0 evenK and αodd
k :=k ·Jk ̸=1 oddK we define (see also Figure 1)

geven(λ) :=
∑
k

αeven
k Pλ(k) =

∑
k ̸=0 even

k ·Pλ(k) =
∑

k ̸=0 even

λke−λ

(k−1)!
= λ

2
[1−e−2λ]

godd(λ) =
∑
k

αodd
k Pλ(k) =

∑
k ̸=1 odd

k ·Pλ(k) =
∑

k ̸=1 odd

λke−λ

(k−1)!
= λ

2
[1−e−λ]2

The last expressions follow from pulling out a λe−λ from the sum and recognizing the
Taylor series expansion of sinh(λ) and cosh(λ). The even and odd test statistics

E :=
∑
k

αeven
k Mk =

∑
k ̸=0 even

k ·Mk and O :=
∑
k

αodd
k Mk =

∑
k ̸=1 odd

k ·Mk.

Using (8), the expectation can be upper bounded by Proposition 8 as

E[E] =
∑

k ̸=0 even

k
∑
x

Pλx(k) =
∑
x

geven(λx) ≤ n·sup
λ>0

1
2
[1−e−2λ] =

n

2
=: εub = ε̄ubn

E[O] =
∑

k ̸=0 odd

k
∑
x

Pλx(k) =
∑
x

godd(λx) ≤ n·sup
λ>0

1
2
[1−e−λ]2 =

n

2
=: oub = ōubn
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That is, excluding singletons, we should expect at most half of the data items to appear
evenly often, and at most half oddly often. The even/odd upper bounds are “attained”
for λ∗→∞. Using Proposition 8 again, we can also upper bound the variances of E and
O:

V[E] ≤
∑
k

(αeven
k )2 E[Mk] =

∑
k ̸=0 even

k2E[Mk] and V[O] ≤
∑

k ̸=1 odd

k2E[Mk]

Unfortunately no meaningful finite λ-independent upper bounds on them are possible.
Trying to use the same method as for upper bounding E[E] leads again to λ∗→∞, but
this time the expression diverges. Note that for fixed λ, the variance is finite; it just
does not have a (non-vacuous) uniform upper bound. So in this case we have to resort to
using the empirical upper bound V ub

even :=
∑

k ̸=0 evenk
2Mk for the variance, and similarly

for V ub
odd :=

∑
k ̸=1 oddk

2Mk. By Lemma 21 and Lemma 24, the p-values for rejecting Hiid

are

p ≲ Φn((ε
ub−E)/

√
V ub
even) ≤ exp(−1

2
n(Ē− 1

2
)2/
√

V̄ ub
even+O(1))

p ≲ Φn((o
ub−O)/

√
V ub
odd) ≤ exp(−1

2
n(Ō− 1

2
)2/
√

V̄ ub
odd+O(1))

As before, the Φn-bound only holds if E>εub and O>oub; the exponential bound only
holds if Ē > 1

2
and Ō> 1

2
and sufficiently large n.

Example 10. In our running example in which each data item is doubled (M2=n/2),
we have E=nĒ=n and V ub

even=2n, hence the even test has p-value p≲e−n/8
√
2, i.e. Hiid

can be extremely confidently rejected for moderately large n. The odd test has no power
(O=0). If we triple each item, then O=n/3 and E=0 and V ub

odd=3n, and the odd test
has p≲e−n/8

√
3. ♢

Slope tests Dk :=Mk−Mk−1. As mentioned at the beginning of the section, E[Mk]
as a function of k is “smooth”, so it is natural to test for a small difference=slope Dk :=
Mk−Mk−1. Let D

x
k =JNx=kK−JNx=k−1K, hence Dk=

∑
xD

x
k . Then similar to before

δk := E[Dk] =
∑
x

Pλx [Nx=k]−Pλx [Nx=k−1] =
∑
x

gδ(λx) ≤ n·sup
λ>0

gδ(λ)

λ
=:nδ̄ubk

where gδ(λ) :=
λke−λ

k!

[
1− k

λ

]
(10)

The maximum of Pλ(k) is at λ=k but the bracket [1− k
λ
] kills this maximum, moving it

to ≈k+
√
k (Figure 1). Since gδ(λ)≤0 for λ≤k, we can assume λ>k, hence

d

dλ
ln
gδ(λ)

λ
=

d

dλ
[(k−1)lnλ−λ−lnk!+ln(1−k/λ)] =

k−1

λ
−1+

k/λ2

1−k/λ
!
= 0

Multiplying with λ2(1−k/λ) leads to a quadratic equation in λ which has two solutions

λ∗
±=k− 1

2
±
√

k+ 1
4
, only λ∗

+>k is valid, and is indeed the global maximum. Note that

gδ(λ)=0 for k≥ 2 but not for k=1, so Lemma 16 and hence the following bound only
applies for k≥ 2. The reason is that D1 involves M0, but M0=∞ for infinite X , hence
D1=−∞ and as a test is vacuous. A tedious calculation shows that

δ̄ubk =
gδ(λ

∗
+)

λ∗
+

=
1−ε̈k

k2
√
2πe

, where ε̈k=O(1/
√
k) (11)
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That is, the slope of (a mixture of) Poissons is upper bounded by δ̄ubk =O(1/k2). This
is smaller than µ̄ub

k by a factor of 1/
√
ke, so can lead to a stronger test than test Mk,

provided that indeed Mk deviates from Mk−1 sufficiently.
By Proposition 8, the variance of Dk can be upper bounded by V[Dk] ≤ E[Mk]+

E[Mk−1] = µk+µk−1. We can theoretically upper bound this by V ub
k = µub

k +µub
k−1 or

empirically estimate it by V ub
k =Mk+Mk−1. So by Lemma 21 with Zx =Dx

k ∈ [−1;1]
the p-value for rejecting Hiid is

p ≲ Φn((δ
ub
k −Dk)/

√
V ub
k ) ≤ exp(−1

2
n(D̄k−δ̄ubk )2/V̄ ub

k +O(1)) = e−O(n/k5/2)

The empirical choice for V ub
k can be smaller=better than the theoretical upper bound

if the bound is loose, but can also be larger=worse, since Mk+Mk−1→E[Mk+Mk−1]≤
µub
k +µub

k−1 is only guaranteed in the iid case, but we precisely want to test for non-iid, in
which case Mk+Mk−1 may be larger than µub

k +µub
k−1 even asymptotically. In all of our

experiments, the empirical choice V ub
k =Mk+Mk−1 performed better.

Example 11. Testing our previous example where each data item is doubled
(D2 = M2 = n/2), for k = 2 we have λ∗

+ = 3, hence δ̄ub2 = gδ(λ
∗
+)/λ

∗
+ = 1/2e3=̇0.0249

and µ̄ub
2 +µ̄ub

1 =1/2e+1=̇1.184> 1
2
= M̄2+M̄1, so in this case, using M̄2+M̄1 as V ub

k is
indeed better, and p≲ exp(−1

2
n(1

2
− 1

2e
)2/1

2
) = e−0.2257n. For k ̸=2, the Dk tests have no

power (M̄k=0<µ̄ub
k ). ♢

We can also lower bound Dk by upper bounding −Dk. The maximizing λ∗ is then
λ∗
− and gδ(λ

∗
−) is the same (apart from a minus sign) to leading order in k, and p≲

Φn((|δubk |+Dk)/
√

V ub
k ). In the example above, D3=−M2 would have (the same) power

as D2.

Linear curvature tests Ck :=2Mk−Mk−1−Mk+1. As apparent from the graphs,
the curvature of a (mixture of) Poisson as a function of k≥2 is also bounded, which gives
us another test. Let

gγ(λ) := 2Pλ(k)−Pλ(k−1)−Pλ(k+1) =
λke−λ

k!

[
2− k

λ
− λ

k+1

]
be the negative curvature of Pλ. As before, we need to maximize gγ(λ)/λ for k ≥ 2.
Another tedious calculation shows

d

dλ

gγ(λ)

λ
= ... =

λk−3e−λ

k!
·
(
1− k

λ

)[( λ

k+1
−1
)2

−3

]
This has 3 zeros with λ∗ = k corresponding to the unique maximum of gγ(λ)/λ (cf.
Figure 1). The other two are minima. With n·C̄ :=Ck :=2Mk−Mk−1−Mk+1 being the
empirical negative curvature, we can upper bound its expectation as

nγ̄ := E[Ck] =
∑
x

gγ(λx) ≤ n·max
λ>0

gγ(λ)

λ
= n

gγ(k)

k

=
n

k(k+1)

kke−k

k!
=

n(1−ε̇k)

k(k+1)
√
2πk

=: nγ̄ub
k (12)
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By Proposition 8 we have

V[Ck] ≤ E[4Mk+Mk−1+Mk+1] = 4µk+µk−1+µk+1

≤ n

[
4
1−ε̇k√
2πk

+
1−ε̇k−1√
2π(k−1)

+
1−ε̇k+1√
2π(k+1)

]
=: 6n

1+ε̃k√
2πk

where ε̃k=O(1/
√
k). Together by Lemma 21 with Zx=2JNx=kK−JNx=k−1K−JNx=

k+1K∈ [−2;2],

p ≲ Φn(
√
n(γ̄ub

k −C̄k)/
√

V̄ ub
k ) ≤ exp(−1

2
n(C̄k−γ̄ub

k )2/V̄ ub
k +O(1)) = e−O(n/k7/2)

Similarly to the slope case, we can choose V̄ ub
k as 4M̄k+M̄k−1+M̄k+1 or 4µ̄

ub
k +µ̄ub

k−1+µ̄ub
k+1.

In all of our experiments, the empirical choice performed better, but our running example
below shows that the theoretical upper bounds can be better in certain circumstances.

Example 12. Continuing our previous example where each data item is doubled
(C2 = 2M2 = n), for k = 2 we have γ̄ub

2 = 1/3e2 = 0.0451 and 4µ̄ub
2 + µ̄ub

1 + µ̄ub
3 =̇1.8260<

2 = 4̄M2+M̄1+M̄3, so in this case, using the former as V ub
k is slightly better, and

p≲exp(−1
2
n(1−0.0451)2/1.8260)=̇e−0.2497n. For k ̸=2, the Ck tests have no power. ♢

Logarithmic curvature tests Ūk :=2lnMk−lnMk−1−lnMk+1. One weakness of
the tests so far is that they rely on absolute moment bounds. If all x are equally likely,
this is ok, but if λx are diverse, the Poisson mixture becomes wider and hence lower and
hence E[Mk] and its slope and curvature become smaller. Since the upper bounds must
include the worst-case when all λx are the same, the bounds become quite loose. We can
fix this by normalizing the curvature by E[Mk]. The mathematics becomes somewhat
tedious, but there is a more elegant alternative with a very similar effect. We consider
the negative curvature of lnMk:

Ūk := 2lnM̄k−lnM̄k−1−lnM̄k+1 = 2lnMk−lnMk−1−lnMk+1

This is scale invariant, i.e. if all M· in the vicinity of k are scaled down by some factor α,
Ūk stays unaffected, i.e. does not become smaller=weaker. Of course this is only useful
if we can derive a good upper bound on its expectation. Since Ūk is non-linear we need
some new approach:

Consider the function g : R3 → R with g(Z̄) := Ūk, where Z̄ := (M̄k,M̄k−1,M̄k+1)
⊤.

Noting that M̄k concentrates around µ̄k for large n, we perform a second-order Taylor-
series expansion of g around ζ̄ := (µ̄k,µ̄k−1,µ̄k+1). The CLT then implies g(Z̄) ≈
Gauss(g(ζ̄),V[Z̄⊤∇g(ζ̄)]). Formally we use the multivariate delta method, Lemma 20.

ῡk := g(ζ̄) = 2lnµ̄k−lnµ̄k−1−lnµ̄k+1 = 2lnµk−lnµk−1−lnµk+1

Let us define some auxiliary probability distribution over x solely for technical purposes
without ascribing any meaning to it.

P̃λ,k[X=x] :=
λk
xe

−λx/k!∑
xλ

k
xe

−λx/k!
, then

µk+1

µk

=

∑
x

λx

k+1
λk
xe

−λx/k!∑
xλ

k
xe

−λx/k!
=

Ẽλ,k[λX ]

k+1

µk−1

µk

=

∑
x

k
λx
λk
xe

−λx/k!∑
xλ

k
xe

−λx/k!
= k ·Ẽλ,k

[
1

λX

]
≥ k

Ẽλ,k[λX ]
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where we applied Jensen’s inequality in the last step to convex function 1/λ. Taking the
product, the dependence on unknown λ cancels out:

ῡk = ln
µk

µk−1

µk

µk+1

≤ ln
k+1

k
=: ῡub

k ≤ 1

k
(13)

Jensen’s inequality for 1/λ is sharp iff P̃λ,k is a Dirac measure. That is, as before, the
bound is attained when all λ∗=λx are the same, but unlike before, the maximum is flat
and attained for any λ∗, even far away from k. Indeed, the log-curvature ῡk is the same,
namely ῡub

k =lnk+1
k
, for all λ∗. As for the variance,

V[Z̄⊤∇g(ζ̄)] = V

[(
M̄k

M̄k−1

M̄k+1

)⊤( 2/µ̄k

−1/µ̄k−1

−1/µ̄k+1

)]
= V

[
2
Mk

µk

−Mk−1

µk−1

−Mk+1

µk+1

]
With Zx

k := JNx = kK and αk := 2/µk and αk±1 :=−µk±1 and all other αk′ := 0, we have
Z+

k =Mk, hence

V[Z̄⊤∇g(ζ̄)] = V[
∑
x

αkZ
+
k ] ≤

∑
k

α2
kE[Z+

k ] =
1

µk−1

+
4

µk

+
1

µk+1

where we used Lemma 23a in the inequality and E[Z+
k ]=E[Mk]=µk in the last equality.

We need an approximation or upper bound on this, but we only have lower bounds
on 1/µk. We solve this problem by replacing µk with their empirical estimates Mk =
µk±OP (

√
n). This is the second time we are forced to use the empirical estimate to

upper bound the variance, but for a slightly different reason than for E and O. Using
Lemma 20 with Zx :=(Zx

k ,Z
x
k−1,Z

x
k+1)∈{0,1}3, the p-value for the logarithmic curvature

test is

p ≲ Φn

√
n

ῡub
k −Ūk√

M̄−1
k−1+4M̄−1

k +M̄−1
k+1

 = e−O(n/k7/2)

Summary. In the table below we summarize the most important quantities for the
statistics T :X n→R derived in this section. For τ :=E[T ] we derived tight upper bounds
τub even for small k. We only show the n≫k≫1 approximations in the table and refer
to the exact expressions in the text (all εk→0 for k→∞). For the variance V ub

k we only
show the better upper bound (empirical except for Mk). As a test statistic one can use
Tnorm := (T−τub)/

√
V ub: The larger Tnorm, the stronger the evidence against Hiid: The

test Tnorm ≥ zα := Φ−1(1−α) has significance level around cnα. Alternatively, one can
use the approximately uniformized test statistic (see Section 7) T̃ := Φn(−Tnorm). The
test T̃≤α has significance level around α. Tests can be combined as described in Section 7.

Test Name T :=nT̄ := τ̄ :=E[T̄ ]≤ V[T̄ ]≲ V̄ ub= λ∗ O(ln1
p
)

Even̸=0 E :=
∑

xNxJNx ̸=0 evenK ε̄ub=1/2 1
n

∑
k ̸=0 evenk

2Mk ∞ n

Odd̸=1 O :=
∑

xNxJNx ̸=1 oddK ōub=1/2 1
n

∑
k ̸=1 oddk

2Mk ∞ n

2nd-Count Mk :=
∑

xJNx=kK µ̄ub
k

(9)
= 1−ε̇k−1

k
√

2π(k−1)
µ̄ub
k k−1 n

k3/2

Slope Dk :=Mk−Mk−1 δ̄ubk
(11)
= 1−ε̈k

k2
√
2πe

M̄k+M̄k−1
k−1/2+√

k+1/4

n
k5/2

Lin.Curv. Ck :=2Mk−Mk−1−Mk+1 γ̄ub
k

(12)
= 1+ε̃k

k(k+1)
√
2πk

4M̄k+M̄k−1+M̄k+1 k n
k7/2

Log.Curv. Ūk :=ln(M2
k/Mk−1Mk+1) ῡub

k

(13)
= lnk+1

k
≤ 1

k
M̄−1

k−1+4M̄−1
k +M̄−1

k+1 any n
k7/2
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Theorem 13 (IID tests). Consider the statistics T̄ and associated upper bounds on their
mean τ̄ and variance V[T̄ ] from the above table. Then test T̄ (x1:n)≥ [τ̄ub+zα

√
V̄ ub/n]

rejects that x1:n is iid with confidence ≳ 1−cnα, i.e. at significance level ≲ cnα, where
zα :=Φ−1(1−α). The accuracy of ≲ is OP (1/n

√
V[T̄ ]), except for E and O for which

it is O((
∑

xθ
3
x)/(

∑
xθ

2
x)

3/2). See Lemma 21 (with Z+=T and Zx=Tx) for p-values and
further details.

In our experiments, θx = 1/d (uniform) and θx = 2x/d/(d+ 1) (linear), so
(
∑

xθ
3
x)/(

∑
xθ

2
x)

3/2 ≤ 1.3/
√
d with d = 30...100, so the Gaussian approximation is not

great but ok for α=0.05. For the other tests, the Gaussian approximation is quite good.
Proof. Follows directly from the derivations in this section and Lemma 21 and the fact
that all T have the required decomposition T =

∑
xZx (Zx for Ūk within OP (

1/n)). Zx is
bounded, so Lemma 21(iii) applies, except for E and O:

Let Ex :=
∑

0̸=k ̸=n evenk ·JNx=kK, then E=
∑

xE
x. Similar to the derivation of E[E]

one can show for α>0 that

E[|Ex−E[Ex]|α] ≃(1
2
λx)

α

This implies σ2
+ ≡

∑
xV[Ex] ≃(1

2
λx)

2

and ρ+ ≡
∑

xE[|Ex−E[Ex]|3] ≃(1
2
λx)

3

hence ρ+/σ
3/2
+

≃(
∑

xθ
3
x)/(

∑
xθ

2
x)

3/2.

The condition in Lemma 21(iii) applies if ρ+/σ
3/2
+ = O(1/

√
n). For the CLT to hold

asymptotically ρ+/σ
3/2
+ → 0 suffices; see Theorem 19. The expressions for O are the

same.

Power and Type II error for data duplication. As explained earlier, there are no
uniformly most powerful tests if the alternative hypothesis is the class Q of all non-iid
exchangeable distributions. Also, all tests are powerless against near-iid distributions.
Examples 9 to 12 considered some simple sub-classes with small Type II error: Sample
n/2 different data items from, say, P ̸=, then duplicate each item, and shuffle. We formalize
theses findings here, but leave identifying richer sub-classes of Q or finding the power as a
function of Q∈Hiid for future work. The example process above has the following explicit
representation

Sample: P ̸=(x1:n/2)

Duplicate: R(x1:n) := Jx1:n/2=xn/2+1:nK·P ̸=(x1:n/2) (14)

Shuffle: Q2̸=(x1:n) :=
1

n!

∑
π∈Sn

R(xπ(1:n))

for even n, where π ∈ Sn is any permutation of 1 : n. See (7) for continuous X and
non-atomic Pθ. By construction, Q2̸= is an exchangeable distribution with m2=n/2 and
mk = 0 for k = 1 and all k > 2. Most of our tests confidently reject this as non-iid for
n≳15.

Proposition 14 (Type II error and Power). The test “Reject Hiid if T̃ ≤ α” for T ∈
{M2,E,D2,C2} has Type I error ≲ α. Consider the alternative hypothesis Halt := {Q :
Q[M2 =n/2] = 1}= {Q2̸=}. Since T̃ (M ) is constant and the same for all Q∈Halt, the
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Type II error is 0 (i.e. the Power is 1) iff α is chosen larger than or equal to the constant
T̃ ≲exp(−cTn), where cM2=̇0.271, cE=1/8

√
2=̇0.088, cD2=̇0.2257, and cC2=0.2497 have

been derived in Examples 9 to 12.

The Even test E actually works against a broader class with the same power: Instead
of P ̸= consider P=, which allows repetitions. In this case Mk =0 only for odd k. Still
E=n, so Proposition 14 still applies for the larger class Halt :={Q :Q[E=n]=1}={Q2=}.
The price is that E needs about three times the sample size to achieve power comparable
to the other tests. The proposition also readily generalizes to k>2-fold data duplication.

The card deck example has random M2 and hence less degenerate Type II error (see
Appendix D for a proof and more precise statements):

Proposition 15 (Type I and Type II error for 2 shuffled card decks). Consider c=2
(shuffled) card decks of d cards each as Halt. Then, for any 0<γ< 1

2
, the test that rejects

Hiid if M̄2≥ 1
2e
+n−γ has Type I and Type II errors tending exponentially to 0 for n,d→∞,

provided that the fraction of drawn cards β :=n/2d>1/e.

6 Toy/Control Experiments

We verify the tests developed in Section 5 on artificially generated data. We generate iid
data for the extremes of all θx being the same, and θ being maximally diverse. This is
used for testing the validity of our tests (correct low Type I error). We then “corrupt”
the samples in various ways to create non-iid data to determine the power of the tests
in rejecting Hiid (low Type II error). For instance, some tests are able to detect data
duplication and draws from finite card decks. Every test displayed its own strengths and
weaknesses. There was no uniformly best test among them. This is not meant to be a
comprehensive evaluation of the tests, but a sanity check that the tests work as intended.

Remark: As discussed in Section 4 we can restrict our attention to X =N. On the
other hand, it makes no difference whether we sample from X or X ′ := {x : θx > 0}, so
experimentally we can as well assume that d=d′= |X ′|, but given the caveat described in
Section 4, we still should imagine X =N and the parameter d in the experiments below
now decoupled from X . Alternatively, mentally replace every d in this section by d′.

Data generation. Iid sampling (iid) For the iid distributions Pθ we tested two “ex-
treme” choices. (uniform) One in which all θ are the same for d categories, and 0 for
all others, i.e. w.l.g. Pθ[x]= θx=1/d ∀x∈{1 :d}, and Pθ[X \{1 :d}]= 0. This should be
the hardest case to not accidentally reject Hiid, since E[Mk] (8) is maximally peaked out
(Figure 2 top left). (linear) The other extreme is for which the probabilities θx of cate-
gories x are equally/uniformly “distributed”, i.e. θx∝x for x∈{1:d}, i.e. θx=2x/d(d+1).
E[Mk] is maximally washed out in this case (Figure 3 top left).

Exact data duplication (even-n) We created non-iid distributions Q out of the iid
ones as follows: To mimic the data duplication problem, we sampled x1:n/2 iid and then
duplicated each item to x1:n/2x1:n/2, and then shuffled (though the tests only depend on
the counts nx, so shuffling is not necessary). This makes all nx even, hence all mk=0 for
odd k.

Approximate data duplication (even-m) We also tested duplication and then injectively
corrupt the data to x′

1:n/2, so that all x
′
1:n/2 differ from all x1:n/2. This mimics approximate

duplicates. The effect is that for each count nx there is a deterministically corrupted x′
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with same count nx′ , which in effect means that all mk are even. This is a hard signal to
detect without explicitly searching for it, and indeed our tests don’t. See Section 2 for
more discussion.

No empty categories (no-empty) We also sampled, x iid and then increased the count
nx for each x ∈ {1 : d} by 1. This eliminates all empty categories for x≤ d, but note
that X itself is intended to be infinite, so does not really remove all empty categories.
Technically we sample x1:n−d iid from {1 :d} and then add xn−d+x=x for x∈{1 :d} and
then shuffle. Such x1:n is not iid w.r.t. any Pθ, but the signal is in general very weak,
and none of our tests were able to pick it up.

No unique&empty categories (no-unique) Finally we increased each count by two so
that every data item appears at least twice, but unlike even-n can also appear an odd
number of times. Technically we sample x1:n−2d iid from {1 :d} and then add xn−2d+x=
xn−d+x=x for x∈{1 :d} and then shuffle. As long as the original iid sample has enough
items of low multiplicities, there is a clear signal that the data is non-iid as explained in
Section 2.

Choice of “hyper”-parameters. We also have to choose d, n, and k. Since this is
not a systematic empirical study, not even on toy data, but only to illustrate the tests
and corroborate the theoretical arguments, we chose some arbitrary and some interesting
values without any claim of coverage. k is typically chosen where the tests are strongest,
essentially where µk is large.

Test setup and graphs. We tested our tests (T∈{E,O,Mk,Dk,Ck,Ūk}) for over/under-
confidence on the artificial iid data and their power on the artificial non-iid data above.
We sampled data x1:n a 10’000 times from P or Q, and computed 10’000 p-values T̃ :=
Φ((τub−T )/

√
V ub) for each test T , where τub and V ub are the upper bounds for mean

and variance of T we derived for our tests (see test table before Theorem 13). We report
P̂ [T̃ ≤α], the fraction of p-values below α, as a function of α (Figures 2 right). For an
ideal uniformized test (see Section 7), Pθ[T̃ ≤α]=α, but this rarely possibly to achieve
simultaneously for all θ. If data is sampled iid from Pθ, a valid test should be below this
diagonal line, or at least not much above, or at the very least (approximately) below α
for the α we care about, typically α=0.1%...5%. For non-iid data we want the power
β(α) :=Q[T̃ ≤α]≈Q̂[T̃ ≤α] to be as large as possible, ideally close to 1 for the α we care
about, since this is the probability test our test correctly rejects Hiid if data is sampled
from Q.

We also plot the empirical second-order counts Mk as a function of k for one sample
x1:n, together with their true uncorrupted expectation Eθ[Mk], which in some informal
sense is the iid distribution closest to the corrupted non-iid distribution. We also plot
the empirical average ⟨Mk⟩ over the 10’000 runs, which in case of iid data is very close
to the true mean Eθ[Mk] (Figures 2&3 left).

Explanation of the figures. The legends in Figures 2&3 also display the hyper-
parameters d, n (and k for the right graphs), together with the sampling procedure
(uniform|linear) and corruption model (iid|even-n|no-unique). Test M uses the theoretical
upper bound µub for its variance, all other tests use the empirical upper bounds for their
variance. u-test is a uniformly at random sampled “test” u∼Uniform[0;1] for control
purposes, and should be very close to the diagonal (exact); deviations are due to the finite
sample approximation. The % behind the test is the fraction of times β̂= Q̂[p≤ 0.05]
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(or Pθ if iid), the test rejected Hiid at 5% significance level. The true reject probability is
β̂±O(β̂(1−β̂)/10′000)1/2. In each graph, we also plotted the 10’000 p-values for the (at
α=5%) most powerful test (with uniformly at random y-component). For a perfect test
on iid data, these points would be uniformly distributed in [0;1]×[0;1].

Experimental results per data type. Tests are not over-confident (uniform-iid): Fig-
ure 2 top row is an example that shows that no test is over-confident (right). For uniform,
all θ are them same, hence E[M ] is proportional to a Binomial(θ∗) with maximum around
nθ∗=n/d ≃3=k (left), for which most tests are most sensitive. We tested the tests on
a variety of further combinations, but without any surprises. All tests are valid in the
sense that they reject Hiid on iid data at level α with probability less then α, or at least
not much more, so we refrained from showing the iid control plots for most of the non-iid
experiments. The occasional slight over-confidence could either be due to finite sample
size n and our asymptotic approximations (multinomial to Gaussian approximation) of
our tests, or variance from finite (10’000) experiment repetitions.

Tests are under-confident (linear-iid): The second row shows that tests can be quite
under-confident (right). For linear, the θ values are spread out, hence E[M ] is a broad
mixture over Binomials of different θ (left). The broader the distribution of E[M ], the
less confident the tests are.

Tests can be powerful (uniform-even-n): The third row shows that many tests effec-
tively detect if every data item is duplicated, as is also obvious from the spikes in M
(left). Unsurprisingly the most powerful one is the even-test E which is tailored for this
kind of data, closely followed by the logarithmic curvature test U2 with 99.6% rejection
rate.

Having no singletons can sometimes be significant (linear-no-unique): Adding two
copies to each observed x roughly shifts M two to the right (M0 =M1 = 0), so there
is little non-iid signal in Mk for higher k (bottom left). If most counts are very low, large
M2 with zero M1 is suspicious. Indeed the curvature test M2 rejects Hiid 99.2% of the
time (bottom right).

Tests are often weak for larger k (uniform-even-n): Figure 3 top row shows a case with
large (first-order) multiplicities (large Nx), i.e. most data items appear between 10 and
70 times. linear washes out any peak in M which is indeed uniform in even k from 0 to
60. This makes all Mk very small, around 1. While some tests get a very weak signal,
it is not strong enough to reject Hiid. The only effective test is even, since combining all
even Mk amplifies the signal. The second row is similar: here most Nx are around 100
with Mk around 4, and besides E (only) the linear curvature test is able to reject Hiid

with 92.9% confidence.
Cards from 2 decks (uniform-cards2): The bottom two rows of Figure 3 show the result

of drawing n cards from a pair of shuffled 52-card decks (104 cards in total). Drawing half
of the cards (n=52) is not enough to reveal that x1:n is not iid (third row), but drawing
n≥65 suffices (last row). 240 cards from 6 decks with 312 cards in total are required to
reject Hiid. M5 rejects with 96% confidence (not shown).

Experimental results per test. Comparing the various tests across the shown data
examples and beyond, they largely perform as expected. They are valid in the sense that
the Type I error is ≲α, as we would expect, since they have been derived to satisfy this.
We also see that the Type I error is often significantly smaller than α. Every test has
its own strengths and weaknesses, and its power depends on the type of non-iid data
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Distribution of p-values for Tests from 10000 samples.
 % is empirical rejection frequency at nominally =5%

d=30,n=100,k=3
uniform,iid
p for U-test
u-test 5.0%
M-test 0.1%
D-test 3.5%
C-test 2.8%
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E-test 0.0%
exact 5%
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d=30,n=100,k=2
uniform,even-n
p for E-test
u-test 5.0%
M-test 0.0%
D-test 89.5%
C-test 65.6%
U-test 99.5%
E-test 100.0%
exact 5%
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d=30,n=100,k=2
linear,no-unique
p for D-test
u-test 5.1%
M-test 0.0%
D-test 99.2%
C-test 14.0%
U-test 67.2%
E-test 0.5%
exact 5%

Figure 2: (Testing the tests) 10’000 data sets x1:n are sampled iid from Pθ or non-iid
Q. (left) One sample, average, and expected second-order counts Mk as a function of

k. (right) Distribution of p-values T̃ := Φ((τub−T )/
√
V ub) of various tests T . For iid

Pθ, a curve above/below the diagonal means over/under-confidence, i.e. we want on or
below. For non-iid we want far above. % is the empirical rejection frequency at nominally
α=5%. See Figure 3 for an explanation of the blue dots.
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p for E-test
u-test 5.0%
M-test 0.0%
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exact 5%
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d=100,n=10000,k=98
uniform,even-n
p for E-test
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M-test 20.9%
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E-test 100.0%
exact 5%
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uniform,cards2
p for M-test
u-test 5.1%
M-test 18.4%
D-test 0.0%
C-test 0.4%
U-test 18.4%
E-test 0.0%
exact 5%
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d=52,n=65,k=2
uniform,cards2
p for U-test
u-test 5.1%
M-test 94.5%
D-test 0.1%
C-test 22.1%
U-test 98.7%
E-test 0.5%
exact 5%

Figure 3: (Testing the tests) 10’000 data sets x1:n are sampled from non-iid Q. The
x-coordinate of each blue dot is the p-value of the strongest considered test (third line in
the legend) for one sampled data set x1:n. The y-coordinate is meaningless and chosen
uniformly at random. The fraction of blue dots to the left (right) of α is the Type-I (II)
error of this test for iid (non-iid) data. See Figure 2 for an explanation of the curves.
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they face. All tests are sensitive to some non-iid signal, and oblivious to (many) others.
Among the developed tests there was no uniformly best test, but they could be combined
to an approximately most powerful test as described in Section 7. For all k-dependent
tests (i.e. all but E and O), the more uniform θ, i.e. the more concentrated the µk are
around some k, and hence the larger µk, the more powerful the test in general. Tests only
have power if T >τub. Since µub

k is relatively large, Mk often has no power, compared to
e.g. δubk which is about a factor

√
ke smaller for large k and even a factor e2=̇7 for k=2.

Experimental results not shown. We confirmed that the alternative choice for the
variance bounds, namely empirical for M , and theoretical for all others when available,
are worse than our (opposite) choice. The Odd test was never effective on any of the
created data, but unsurprisingly is very effective if data is dominated by odd multiplicities.
As discussed above, our tests were not strong enough to detect the non-iid nature of
‘approximately duplicated data’ (even-m) and ‘no empty categories’ (no-empty).

7 More/Alternative Tests

Here we present some alternative ways of deriving tests. Either we have not worked out
the details or specifics, or we could not make them work, or they were inferior to the
ones derived in Section 5. They are nevertheless interesting and may be made to work
with more effort. Also disseminating failed attempts can be useful in itself. We discuss
the standard ways of combining test to broaden their power by summation or union with
Bonferroni correction. Pushed to the extreme we get a universal Martin-Löf randomness
test, which in principle can detect all effective non-iid signals including the “exotic” ones
from the coin flip example in Section 2. We then derive a general template for invariant
tests from a generalized likelihood ratio test. This can be used to develop combinatorial
tests and compression tests. Finally we reduce the problem of testing independence of
exchangeable data to the empirical moment problem, which unfortunately is hard.

Summing tests. Assume we have tests T1,T2,.... We could combine them by summing
them up, T+=

∑
kTk. We could either sum their upper bounds τubk to get an upper bound

on E[T+], or derive an improved joint upper bound τub by maximizing E[T+] directly. For
instance, E=

∑
k...k ·Mk could be interpreted as a sum of tests Tk=k ·Mk, but summing

up the individual bounds E[E]≤
∑

k...k·µub
k ≤n·

∑
kk/k

3/2=∞ is vacuous, while the joint
bound E[T+]≤n/2 was non-vacuous. Also, summing reduces the relative variance and
may lead to stronger tests. On the other hand, if some Tk are highly negative, they could
ruin the sum and make the combined test weaker. Using a weighted (e.g. by 1/

√
V̄ ub
k )

sum may be better than a plain sum, but makes it harder to get improved upper bounds
on its expectation.

Union of tests. Let cαk be such that supθPθ[Tk > cαk ]≤ α, e.g. cαk

≃µub
k +zα

√
µub
k for

Tk=Mk, and similarly for other tests, or hybrid combinations. For finite K⊂N, combined
test TK := max{Tk−c

α/|K|
k : k ∈K} with cK = 0 has significance α (α/|K| is as in the

Bonferroni correction), i.e. Pθ[TK > 0]≤α. Combining tests in this way, if some Tk are
highly negative, they do not impact the joint test TK . They are just ineffective and make
TK a bit weaker, since they reduce α/|K|.
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Uniformizing tests. We can always uniformize tests T with supθPθ[T (X)>cα]≤α to
supθPθ[T̃ ≤δ]≤δ as follows: Since cα :U⊆ [0,1]→R is monotone decreasing, it has a left-
continuos monotone decreasing inverse F̄ :R→ [0;1], F̄ (cα)=α, hence supθPθ[F̄ (T (X))≤
F̄ (cα)]≤ α, hence T̃ (X) := F̄ (T (X)) does as claimed. For instance, if T is standard
Normal, then cα = zα =Φ−1(1−α), hence F̄ (z) = 1−Φ(z). Alternatively, we can define
decreasing F̄ (t) :=supθF̄θ(t) via decreasing survival function F̄θ(t) :=Pθ[T (X)>t], then
again for all θ,

Pθ[T̃ ≤δ] = Pθ[F̄ (T )≤δ] ≤ Pθ[F̄θ(T )≤δ] ≤ Pθ[T ≥ F̄−1
θ (δ)] = F̄θ(F̄

−1
θ (δ)) = δ

Universal tests. In uniform form, the Bonferroni correction is simply T̃ (X) = |K| ·
min{T̃k :k∈K}. If T̃ , i.e. just one of the tests T̃k is small, we can reject Hiid, but we pay
a price of |K| in what small means. This generalizes to infinitely many tests, say K=N,
by defining

T̃ := min{k(k+1)T̃k :k∈N} : (15)

Pθ[T̃ ≤δ] = Pθ[∃k :k(k+1)T̃k≤δ] ≤
∑
k

Pθ[k(k+1)T̃k≤δ] ≤
∑
k

δ

k(k+1)
= δ

where we applied the union bound in the first inequality. If T̃1,T̃2,T̃3,... is an effec-
tive enumeration of all upper semi-computable tests [LV08], then U := T̃ is a so-called
universal test. No other effective test can be significantly stronger than U . One can
show that U(X) = supθPθ(X)/M(X), where M(x) is Solomonoff’s universal a-priori
distribution [Sol64, HLV07, Hut07, Hut17]. Another interpretation is that U is a Martin-
Löf randomness test [LV08] but w.r.t. the class of iid distributions. The iid random-
ness deficiency of x can be defined as d(x) :=infθ{log2M(x)−log2Pθ(x)}, which implies
Pθ[d(X)≥ log2(1/δ)]≤δ ∀θ.

Likelihood Ratio (LR) tests. Any probability distribution Q on X n can be converted
into a uniformized iid test

T̃ (X) := sup
θ
Pθ(X)/Q(X) : (16)

Pθ[T̃ ≤δ] ≤ Pθ[
Pθ(X)
Q(X)

≤δ] = Pθ[δ
Q(X)
Pθ(X)

≥1] ≤ Eθ[δ
Q(X)
Pθ(X)

] = δ
∑

xPθ(x)
Q(x)
Pθ(x)

= δ

We can even choose Q to depend on θ or allow semi-probabilities
∑

x∈XnQ(x)≤1. For
Q(x) :=M(x) we recover the universal test U above.

Invariant LR tests for finite X . We want invariant tests, so Q should only depend
on m. Let Q(m) :=Q[M =m]≡Q[{x :M(x) =m}], where with slight overload of
notation M(x) denotes the second-order counts of x. If X is finite, we can symmetrize
any Q via

Q̄d(x) :=
Q(m)

#{x :m(x)=m}
, where #{x :M (x)=m} =

( d

m+

)
·
(m+

m

)
·
(n
n

)
25



Note that ( n
n
) :=n!/

∏d
x=1nx!=n!/

∏n
k=1k!

mk also depends on m only. The same is true
for

sup
θ
Pθ(x) =

d∏
x=1

(nx

n

)nx

=
n∏

k=1

(
k

n

)k·mk

Thus T̃d(x) :=
supθPθ(x)

Q̄d(x)
=

n!

Q(m)
·
(

d

m+

)
·
(m+

m

)
·

n∏
k=1

(
kk

nkk!

)mk

(17)

depends onm only. By construction, T̃d is a valid uniformized test (16). We are primarily
interested in d=∞, but unfortunately the test becomes vacuous for d→∞. By the
argument in Section 4, tests to leading order in n remain valid if we replace infinite X by
finite X of size n3, i.e. we can use T̃n3 but this is very crude. We can avoid the dependence
on d by using θ-dependent Q:

Invariant LR tests for infinite X . Let X ′′={x :nx>0} and allow Q to depend on
θ and decompose it as

Qθ(x) = Q(x|n,X ′′,m)·Q(n|X ′′,m)·Q(X ′′|m)·Q(m)

= Q(x|n) ·Q(n|m) ·Q(X ′′|m+)·Q(m)

=
(n
n

)−1

·
(m+

m

)−1

·

(
m+!

∏
x∈X ′′

θx

)
·Q(m)

Note that n implies X ′′ and m; the other choices in the second line are motivated by
invariance. In the last line we chose uniform probabilities for the first two factors. For
the third factor we chose the true sampling probabilities θx of the (unique) symbols in
X ′′. The m+! is because order plays no role in set X ′′. Note that∑

X ′′⊂X :|X ′′|=m+

(
m+!

∏
x∈X ′′

θx

)
≤

∑
x1:m+∈Xm+

θx1 ·...·θxm+
=

(∑
x∈X

θx

)m+

= 1

hence Q(X ′′|m+) is indeed a valid semi-probability. Combining this with Pθ(x) =∏
x∈X ′′θnx

x we get

T̃ (x) := sup
θ

Pθ(x)

Qθ(x)
= sup

θ

∏
x∈X ′′θnx−1

x

m+!·Q(m)

(n
n

)(m+

m

)
=

n!(m+

m
)

m+!Q(m)
·

n∏
k=1|2

[
1

k!

(
k−1

n−m+

)k−1
]mk

where we used that the maximum is attained at θx = (nx−1)/(n−m+) and a similar
rearranging of terms as in the previous paragraph. This expression is similar to (17) but
independent from d as desired.

Combinatorial tests. We have reduced the choice of T to a choice of Q, but what
have we gained? Note that we need to ensure

∑
mQ(m)≤ 1, where the sum is over all

valid second-order counts M :={m≥0 :
∑n

k=1k·mk=n}. Any Q satisfying this constraint
results in a valid invariant uniformized test T̃ . Part(n):= |M| is the number of partitions
of n into a sum of natural numbers without regard to order [AS84]. We could choose
Q(m)=Part(n)−1 uniformly. This choice is closely related to the Good-Turing estimator
[Hut18]. Another improved choice would be Ristad’s estimator Q(m) = 1

m+
(m+

m
)/( n

m+
)

[Ris95]. The former led to essentially vacuous tests, the latter to very weak tests.
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Compression tests. Similar to Solomonoff’s M , Q(m) :=2−K(m|n), where K(m|n) is
the prefix Kolmogorov complexity of m given n, is a universal distribution leading to a
universal and in this case invariant test U(m)=2K(m|n)supθPθ(x). In theory this is (at
least asymptotically) the strongest test possible. In practice, since K is not computable,
it needs to be approximated by feasible codes. The task here is to find short prefix-
free codes for m of length CL(m|n), and use test TCL(m) := 2CL(m|n)supθPθ(x). We
tried a couple of codes such as naive CL(mk)

≃log2(mk+1), or coding the differences
CL(mk−mk−1)

≃log2(2|mk−mk−1|+1), and variations thereof. The resulting tests were
weak to vacuous.

Moment method. Let ϑ :=θ/(1−θ)∈R+
0 and ρ[ϑ≤b] :=

∑
xJϑx≤bK be a non-negative

measure on R+
0 . Note that ρ[R+

0 ] =
∑d

x=1Jϑx ≤∞K = d ̸= 1, i.e. ρ is not a probability
measure. Now let Pν be a measure on R+

0 that has density dPν(ϑ)/dρ(ϑ):=nϑ/[(1+ϑ)nµ1]
w.r.t. ρ. Then

µk = E[Mk] =
d∑

x=1

(n
k

)
θkx(1−θx)

n−k =
d∑

x=1

(n
k

) ϑk
x

(1+ϑx)n

=
(n
k

)∫ ∞

0

ϑk

(1+ϑ)n
dρ(ϑ) =

µ1

n

(n
k

)∫ ∞

0

ϑk−1dPν(ϑ) =
µ1

n

(n
k

)
νk−1

where νk−1 :=Eν [ϑ
k−1] is the k−1st moment of Pν . Note that Eν [1]= ν0=nµ1/nµ1=1,

hence Pν is indeed a probability measure. Now given µk for k≥1 is equivalent to being
given νk−1 for k ≥ 1 and µ1. We can therefore ask whether some given sequence of
real numbers (νk−1 :=nµk/(

n
k
)µ1 : k≥ 1) are moments of some probability measure, say,

Pν . If so, using also µ1 we can (re)construct ρ from it, which in turn defines a mixture
of Binomial distributions with ϑ-distribution ρ, which in turn defines an iid distribution
with θ-distribution ρ[θ/(1−θ)≤b]. This iid distribution has expected second-order counts
E[Mk] we started with. (µ0=∞ is always true for d=|X |=∞, while µ0<∞ requires d<∞
and poses strong extra conditions on ρ hence Pν hence (νk).) If (νk) are not moments
of a probability distribution, then (µk) are not expectations from a mixture of Binomial
distributions.

In principle we can exploit the above correspondence to develop iid tests. Unfor-
tunately, the moment problem, inferring a probability measure from moments, is hard.
Furthermore, we do not actually have the moments µk but only empirical estimates
Mk thereof. That is, we would need to determine whether ν̂k−1 :=nMk/(

n
k
)M1 are ap-

proximately moments. More precisely, we need tests which tell us whether there exist
νk∈ [ν̂k±O(

√
V[ν̂k])] for all k≥1 that are moments of some probability distribution. If

not, we can reject Hiid.

8 Conclusion

Summary. We developed various tests for the (in)dependence of finite exchangeable
data without exploiting or being given any structure in the observation space X . We
reduced the problem to X=N which greatly simplified the analysis. A necessary condition
for any invariant test to have power is to observe duplicate items in x1:n. We derived a
number of tests based on the observation that the second-order counts mk are “smooth”
in k if data are iid, and demonstrated their (lack of) power empirically. We also presented
some alternative ideas for developing tests.
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Outlook. While we have experimentally verified that our tests have power for some non-
iid distributions, it could be interesting to identify sub-classes of exchangeable distribu-
tions and compute the theoretical power of our tests. Some of the alternative approaches
to developing tests from Section 7 could be worked out, esp. universal compression-based
tests and moment-based tests. It would be interesting to apply our tests to some real
data, but our invariant/agnostic tests only have power if x1:n contains exact duplicates,
and even then the non-iid signal may be too weak to detect, unless Mk is large for some
or many k. A potential case is if nx are Zipf distributed (e.g. if X are words), then mk

is also Zipf distributed, which might be discernible from a mixture of Poissons. In ML
practice, we likely need to exploit some structure in the data. The simplest solution
would be to aggregate similar x into the same category (Xorig→Xagg). The tests become
more powerful to the extent that this increases the number of duplicates. To guide the
aggregation we need some metric or at least topology on X , and to be effective not just
any but “good” ones. Alternatively one could develop tests directly for Xorig exploiting
its structure. For instance, for X = R, one could check whether xt and xt′ are corre-
lated, e.g. for zero-mean xt whether

1
n2

∑
t̸=t′xtxt′ ̸≈0, or higher-order (central) moments

1
n3

∑
t,t′,t′′xtxt′xt′′ ̸≈ 0, etc. In any case, as discussed in Section 2, this is an AI-complete

problem already for unstructured X and even more so for structured X , without a general
clean solution except impractical universal tests.

We have only considered invariant tests. We argued that this is a natural choice, but
more convincing arguments would be good. How limiting is it to only consider invariant
tests? Are there non-invariant tests that have more power on some invariant sub-class of
Q?

Acknowledgements. I thank Tor Lattimore and Bryn Elezedy for great feedback on
earlier drafts.
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[LV08] Ming Li and P. M. B. Vitányi. An Introduction to Kolmogorov Complexity and Its
Applications. Texts in Computer Science. Springer, New York, 3rd ed edition, 2008.

[Rai19] Martin Raic. A multivariate Berry–Esseen theorem with explicit constants.
Bernoulli, 25(4A), November 2019.

[Ris95] E. S. Ristad. A natural law of succession. Technical Report CS-TR-495-95, Princeton
University, 1995.

[RRLK22] Aaditya Ramdas, Johannes Ruf, Martin Larsson, and Wouter M Koolen. Testing
exchangeability: Fork-convexity, supermartingales and e-processes. International
Journal of Approximate Reasoning, 141:83–109, 2022.

[RRSS19] Benjamin Recht, Rebecca Roelofs, Ludwig Schmidt, and Vaishaal Shankar. Do Im-
ageNet Classifiers Generalize to ImageNet? In Proceedings of the 36th International
Conference on Machine Learning, pages 5389–5400. PMLR, May 2019.

[SEBF21] Anders Søgaard, Sebastian Ebert, Jasmijn Bastings, and Katja Filippova. We Need
To Talk About Random Splits. In Proceedings of the 16th Conference of the Eu-
ropean Chapter of the Association for Computational Linguistics: Main Volume,
pages 1823–1832, Online, 2021. Association for Computational Linguistics.

[Sol64] R. J. Solomonoff. A formal theory of inductive inference: Parts 1 and 2. Information
and Control, 7:1–22 and 224–254, 1964.

[Was04] Larry Wasserman. All of Statistics: A Concise Course in Statistical Inference.
Springer Texts in Statistics. Springer, New York Berlin Heidelberg, corr. 2. print.,
[repr.] edition, 2004.

A Technical Lemmas

To derive our tests we require a couple of technical lemmas we derive in this section.
Lemma 16 is heavily used to derive upper bounds on the expected value of our tests.
Lemma 21 is a rather standard way of creating a test of significance α∈ [0;1] from upper
bounds on the mean and variance of an asymptotically Gaussian test statistic. Lem-
mas 22&23 are bounds on the variance of linear combinations of negatively correlated
random variables. Lemma 20 is a version of the delta-method in statistics. In this section,
P , E, V, W are generic, and properties of random variables explicitly stated.
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A general upper bound for expectations. The following Lemma is the work horse
for deriving upper bounds on the expected value of our tests.

Lemma 16 (Upper bound for expectations). Consider g :R+ →R and extend its
definition to g : R+

0 → R∪{±∞} via g(0) = limsupλ→0g(λ) and λx ≥ 0 and
∑

xλx = n.
Then

∑d
x=1g(λx) ≤ n·supλ>0g(λ)/λ. Assuming the maximum is attained and unique,

set λ∗ := argmaxλ>0g(λ)/λ. The l.h.s. is approximately maximized by setting λx ≈ λ∗

for d′ ≈ n/λ∗ of the x and the remaining λx = 0. The maximum is exactly attained if
d≥d′∈N. For Lipschitz g with g(0)=0 and d′≤d, the gap in the bound is O(1) (relative
gap is O(1/n)). Otherwise the gap can be unbounded.

That is, the “only” effect of the constraint
∑

xλx = n is that we maximize g(λ)/λ
rather than g(λ) and multiply the result with n rather than d. For our core case d=∞,
d′≤d is satisfied. For d<d′<∞, the bound can be very loose. We will comment on that
when it is due.
Proof. Consider L(λ)=

∑d
x=1g(λx) with λx≥ 0 and constraint

∑
xλx=n and g :R+

0 →
R∪{±∞} and g(0) = g(0+) = 0 (we lift the last assumption at the end of the proof).
We can bound L(λ) as follows: First, all x for which λx = 0 neither contribute to L,
nor to the constraint, so we can simply ignore such x, and by symmetry replace d by
d′ :=#{x :λx>0}≤d, and henceforth assume λx>0.

L(λ) =
d′∑

x=1

g(λx) =
d′∑

x=1

g(λx)

λx

λx ≤
d′∑

x=1

sup
λ>0

g(λ)

λ
λx = n·sup

λ

g(λ)

λ
.

If the global maximum is attained, choose any maximizer λ∗=argmaxλg(λ)/λ. If d′≤d
and n/λ∗ is an integer, the upper bound is exact, i.e. maxλL(λ)=n·g(λ∗) for d′=n/λ∗. If
n/λ∗ is not an integer, we can set d′=⌊n/λ∗⌋ or d′=⌈n/λ∗⌉ assuming it does not exceed
d. Since we still need to respect

∑d′

x=1λx=n, we either have to adjust all λ∗ by at most
±1/n, or adjust one λx by at most ±1. In either case, for Lipschitz g, the relative slack
will be O(1/n) (which we generally ignore).

We now lift the assumption that g(0) is defined and 0. Let c := limsupλ→0g(λ) ∈
R∪{±∞}. If c = 0, we can simply extend g to g(0) = 0 and the above proof ap-
plies. If c > 0, then supλf(λ)/λ = ∞, and the bound vacuously holds. If c < 0,
limsupλ→0

∑d
x=d′+1g(λ) = (d−d′)c < 0, and hence can be replaced by 0 for an upper

bound.

On sums and averages and functions of random variables. Let Y and Z be
generic real-valued random variables. For a random variable, the corresponding lower
greek denotes its expectation, e.g. ζ=E[Z]. Variance is denoted by σ2=V[Z]. and third
absolute central moment by ρ=W[Z] :=E[|Z−ζ|3].

Let Zx with x∈X be a collection of independent but typically not identically dis-
tributed random variables. We define Z+ :=

∑
x∈XZx, sometimes over other, even un-

countable, domains as long as only a countable number of Zx are non-zero. Furthermore
Z̄ := Z+/n, i.e. the bar always denotes division by n, and is not the average of all Zx

over x. Mostly |X |=∞ anyway, but Zx and Z+ and Z̄ implicitly depend on the sample
size n. We use the x, +, and¯convention also for other variables like expectations. We
sometimes drop the + if it does not cause any confusion. The reason for this convention
is that typically Z+ and others scale linearly with n→∞, and Z̄ and others are Θ(1) or
even converge to a finite non-zero value for n→∞.
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Definition 17 (Sums and “averages” of independent random variables). Let Zx with x∈
X be a collection of independent random variables with sum Z+ :=

∑
xZx and Z̄ :=Z+/n.

Provided all involved sums and integrals are absolutely convergent,

ζx :=E[Zx], σ2
x :=V[Zx], ρx :=W[Zx] =Θ(1)

ζ+ :=
∑

xζx=E[Z+], σ2
+ :=

∑
xσ

2
x=V[Z+], ρ+ :=

∑
xρx =Θ(n)

ζ̄ :=ζ+/n=E[Z̄], σ̄2=σ2
+/n :=n·V[Z̄], ρ̄ =ρ+/n =Θ(1)

The last Θ()-column is indicative only. Note that σ̄2 is not the variance of Z̄, and
σ+ :=

√
σ2
+ (not

∑
xσx).

We make repeated use of the Esseen version of the Berry-Esseen theorem [Ess56] with
improved constant [Bee72], which is a strengthening of the Central Limit Theorem.

Definition 18 (Standard Normal distribution). Let Φ(y) =
∫ y

−∞e−x2/2dx/
√
2π be the

Cumulative Distribution Function (CDF) of the standard Normal. Define zα :=Φ−1(1−
α) for significance α (typically α = 0.05 and z0.05=̇1.64). The p-value p := Φ(−y) ≤
e−y2/2/y

√
2π, which is sharp (in ratio) for y→∞.

Theorem 19 (Berry-Esseen: Z+

≃Gauss(ζ+,σ
2
+) and Z̄ ≃Gauss(ζ̄,σ̄2/n)). With

the notation above, let F be the distribution function of Y := (Z+−ζ+)/σ+ =
√
n(Z̄−

ζ̄)/σ̄, then supy|F (y)−Φ(y)|≤ρ+/σ
3
+= ρ̄/

√
nσ̄3, i.e. if ρ̄/

√
nσ̄3→0, then Y converges in

distribution to a standard Normal.

The following lemma is a version of the multivariate delta-method in statistics [Was04,
Thm.5.13]. The statements follows directly from a second-order Taylor series expansion
of g(Z̄) around ζ̄ and a multivariate version of the theorem above [Rai19]. The result
implies that Gaussian confidence intervals or p-values for g(Z̄) are asymptotically correct.

Lemma 20 (Multivariate delta method: g(Z̄) ≃Gauss(g(ζ̄),V[Z̄⊤∇g(ζ̄)])). With
the notation above, except that Z̄= 1

n

∑
xZx∈Rd can be vector-valued, with ζ̄=E[Z̄] and

g :Rd→R a twice differentiable function with ∇g(ζ̄) ̸=0 and σ2
g :=∇g(ζ̄)⊤V[Z̄]∇g(ζ̄)=

V[Z̄⊤∇g(ζ̄)] and F the distribution function of Y :=
√
n(g(Z̄)− g(ζ̄))/σg. Then

supy|F (y)−Φ(y)|=O(ρ̄/
√
nσ̄3), where σ̄2 :=n·E[||Z̄−ζ̄||22] and ρ̄= 1

n

∑
xE[||Zx−ζx||32].

Upper-bound test. We will develop various independence tests for X = (X1,...,Xn)
based on applications of the basic test below. It is a rather standard way of creating a test
of significance α∈ [0;1] from upper bounds on the mean and variance of an approximately
Gaussian test statistic, except possibly that it is in terms of infinite sums of random
variables with finite total mean and variance.

Lemma 21 (Basic upper-bound test for independent random variables). Con-
sider the hypothesis Hind that Zx for x ∈ X are independent random variables with
known upper bounds E[Z+] ≤ ζub+ and σ2

+ := V[Z+] ≤ E[V ub], where Z+ :=
∑

xZx, and
V[V ub]≤O(ρ2+/σ

2
+) for some V ub≡nV̄ ub, and ρ+ :=W[Z+].

(i) At significance level α, if Z+ > ζub+ +zα
√
V ub we can reject Hind with confidence

≃1−α (typically α=0.05 and z0.05=̇1.64), where zα :=Φ−1(1−α).
(ii) The p-value is upper bounded by p≲ T̃ :=Φ((ζub+ −Z+)/

√
V ub), provided Z+ >ζub+ .

That is, we can reject Hind if p≤α.
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(iii) The above test and p-value are approximate with accuracy OP (ρ+/σ
3
+) (OP ((b−

a)/σ+) if Zx∈ [a;b]), conservative for σ3
+/ρ+→∞, and asymptotically exact only if

also E[Z+]→ζub+ and E[V ub]→σ2
+.

(iv) If nZ̄ :=Z+>ζub+ =:nζ̄ub, then p≲Φ(
√
n(ζ̄ub−Z̄)/

√
V̄ ub)≤exp(−1

2
n(Z̄−ζ̄ub)2/V̄ ub)

for sufficiently large n (and Z̄ and ζ̄ub and V̄ ub fixed or Θ(1)).
(v) If Zx≤b and V[V ub]=0, then p≤exp{−1

2
n(Z̄−ζ̄ub)2/[V̄ ub+b(Z̄−ζ̄ub)/3n]} provided

Z̄≥ ζ̄ub.

The bound in terms of Φ is sharper than the exponential bounds in (iv) and (v). Φ
is used in our experiments; (iv) is more convenient for analytical/asymptotic analysis in
our toy examples; (v) theoretically pleasing since it is non-asymptotic, i.e. exact if using
theoretical (non-stochastic, non-empirical) upper bounds on V[Z+].

Proof. Let ζx :=E[Zx] and σ2
x :=V[Zx]. Let Z+ :=

∑
xZx be their sum with E[Z+]= ζ+

and V[Z+]=σ2
+. Let Y :=(Z+−ζ+)/σ+ with CDF F , where σ+ :=

√
σ2
+.

(i) P [Z+>ζub+ +zα
√
V ub]≲P [Z+>ζ++zασ+]=P [Y >zα]=1−F (zα)

≃1−Φ(zα)=α.
The first ≲ follows from ζub+ ≥ ζ+ and is an exact inequality if V ub≥V[Z+]. For random
V ub, we have

V ub = E[V ub]−OP (
√
V[V ub]) ≥ σ2

+−OP (ρ+/σ+) = σ2
+(1−OP (ρ+/σ

3
+))

i.e. ≲ holds to relative accuracy O(ρ+/σ
3
+). The approximate equality ≃holds, since Y

is approximately Normal: supy|F (y)−Φ(y)|=O(ρ+/σ
3
+) by the (Berry-)Esseen theorem.

(ii&iv) For Z+>ζ+ we have

p = 1−F (Y ) ≃Φ(−Y ) = Φ

(
ζ+−Z+

σ+

)
≲ Φ

(
ζub+ −Z+√

V ub

)
= Φ

(√
n
ζ̄ub−Z̄√

V̄ ub

)
≤ exp

(
−n

(Z̄−ζ̄ub)2

2V̄ ub

)

(iii) The general accuracy has already been shown in (i). For bounded Zx we have

ρ+ =
∑

xE[|Zx−ζx|3] ≤ (b−a)
∑

xE[(Zx−ζx)
2] = (b−a)

∑
xσ

2
x = (b−a)σ2

+

If the upper bounds are exact (ζ+=ζub+ and σ2
+=E[V ub]) and the relative variance of V ub

tends to zero (V ub/σ2
+ → 1), all approximations in (i) and (ii) become (asymptotically)

exact.
(v) Since Zx≤ζx+b, Bernstein’s (one-sided) inequality applied to Zx−ζx gives

P [Z+−ζ+≥ t] = P
[∑

x

(Zx−ζx)≥ t
]
≤ exp

(
− t2/2∑

xσ
2
x+bt/3

)
For bounding the p-value, we replace t by the observed Z+−ζ+:

p ≤ exp

(
− (Z+−ζ+)

2/2

σ2
++b(Z+−ζ+)/3

)
≤ exp

(
−

(Z+−ζub+ )2/2

V ub+b(Z+−ζub+ )/3

)
where the last inequality is true since the expression can be shown to be monotone
increasing in ζ+ and σ2

+ provided Z+≥ζub+ .
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Negatively correlated random variables. We need bounds on the variance of linear
combinations of negatively correlated random variables. For positive combinations, the
non-diagonal covariance terms can simply be dropped, but we need bounds for mixed
signed combinations. Luckily the correlations are sufficiently weak to get weaker but still
useable upper bounds.

Lemma 22 (Expectation and variance of correlated random variables.). Let Zk

be correlated random variables. Provided all involved sums and integrals are absolutely
convergent,
E[(
∑

kαkZk)
2] =

∑
kα

2
kE[Z2

k ] if E[ZkZk′ ]=0 ∀k ̸=k′.
E[(
∑

kαkZk)
3] =

∑
kα

3
kE[Z3

k ] if E[ZkZk′Zk′′ ]=0 ∀k ̸=k′ ̸=k′′ ̸=k.
V[
∑

kαkZk] ≤
∑

kα
2
kV[Zk] if Cov[Zk,Zk′ ]≤0 and αk≥0 ∀k ̸=k′.

Proof. E[(
∑

kαkZk)
2] =

∑
k,k′αkαk′E[ZkZk′ ] =

∑
kα

2
kE[Z2

k ]

E[(
∑

kαkZk)
3] =

∑
k,k′,k′′αkαk′αk′′E[ZkZk′Zk′′ ] =

∑
kα

3
kE[Z3

k ]

V[
∑

kαkZk] =
∑

k,k′αkαk′Cov[Zk,Zk′ ] ≤
∑

kα
2
kV[Zk]

Lemma 23 (Double collection of (un)correlated random variables.). Let αk∈R
and Zx

k be a double collection of random variables and Z+
k :=

∑
xZ

x
k . Assume all involved

sums and integrals below are absolutely convergent. Then
(a) If Zx

k ∈ [0;1] and Zx
k are uncorrelated in x, i.e. Cov[Zx

k ,Z
x′

k′ ]=0 for all x ̸=x′ and k,k′,
and additionally E[Zx

kZ
x
k′ ]=0 ∀k ̸=k′. Then V[

∑
kαkZ

+
k ] ≤

∑
kα

2
kE[Z

+
k ].

(b) If Zx
k ∈ [0;1] and E[Zx

kZ
x
k′Z

x
k′′ ]=0 ∀k ̸=k′ ̸=k′′ ̸=k.

Then ρ+ :=
∑

xW[
∑

kαkZ
x
k ] ≤ 8

∑
k|αk|3E[Z+

k ].
(c) If Zx

k ∈R and αk≥0 ∀k and Cov[Zx
k ,Z

x′

k′ ]≤0 for k ̸=k′,
then V[

∑
kαkZ

+
k ] ≤

∑
kα

2
kV[Z

+
k ]

Proof.(a) V[
∑

kαkZ
x
k ] ≤ E[(

∑
kαkZ

x
k )

2] =
∑

kα
2
kE[(Zx

k )
2] ≤

∑
kα

2
kE[Zx

k ]

where the equality follows from Lemma 22. This and independence of Zx
k and Zx′

k′ for
x ̸=x′ implies

V[
∑

kαkZ
+
k ] = V[

∑
kαk

∑
xZ

x
k ] =

∑
xV[
∑

kαkZ
x
k ]

≤
∑

x

∑
kα

2
kE[Zx

k ] =
∑

kα
2
kE[Z

+
k ]

(b) The proof follows a similar structure as (a) but with V replaced by W and α2
k by |αk|3

and using W[Z]≤8E[|Z3|]:
1
8
ρx := 1

8
W[
∑
k

αkZ
x
k ] ≤ E[|

∑
k

αkZ
x
k |3]

≤ E[(
∑
k

|αk||Zx
k |)3] =

∑
k

|αk|3E[|Zx
k |3] ≤

∑
k

|αk|3E[Zx
k ]

where the equality follows from Lemma 22. This implies

1
8
ρ+ ≡ 1

8

∑
xρx ≤

∑
x

∑
k|αk|3E[Zx

k ] =
∑

k|αk|3E[Z+
k ]

(c) V[
∑

kαkZ
+
k ] =

∑
k,k′αkαk′

∑
x,x′Cov[Zx

k ,Z
x′

k′ ]

≤
∑

kα
2
k

∑
x,x′Cov[Zx

k ,Z
x′

k ] =
∑

kα
2
kCov[Z

+
k ,Z

+
k ]

While the following lemma is not needed to show that any of our current tests are
asymptotically Normal, we state it here for future use. It shows that certain unbounded
Zx=̂Tx also satisfy the condition in Lemma 21(iii).
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Lemma 24 (Upper bounds on moments). For Zx
k :=Mx

k :=JNx=kK, hence Z+
k =Mk,

and Tx :=
∑

kαkM
x
k and T+=

∑
kαkMk, τx :=E[Tx], σ

2
x :=V[Tx], ρx :=W[Tx], following the

notational convention of Definition 17, we have
τ+ :=E[T+]≤c·n and E[T̄ ]= τ̄≤c if αk≤c·k
σ2
+ :=V[T+]≤c·n and V[T̄ ]= σ̄2/n≤c/n if α2

k≤c·k
ρ+ :=

∑
xW[Tx]≤8c·n and

∑
xW[T̄x]= ρ̄/n2≤8c/n2 if |αk|3≤c·k

Proof. E[T+]=E[
∑

kαkMk]≤c·E[
∑

kkMk]=c·E[N ]=c·n
Lemma 22a implies V[T+]=V[

∑
kαkZ

+
k ]≤

∑
kα

2
kE[Z

+
k ]≤c·

∑
kk ·E[Mk]=c·n

Lemma 22b implies ρ+=
∑

xW[
∑

kαkZ
x
k ]≤8

∑
k|αk|3E[Z+

k ]≤8c·
∑

kk ·E[Mk]=8cn

Finally, we need the standard Stirling approximation:

Lemma 25 (Stirling approximation). lnn!=nlnn
e
+ln

√
2πn+O( 1

n
) or more precisely

1−ε̇k√
2πk

:=
kke−k

k!
with e−1/12k≤1−ε̇k≤e−1/(12k+1) (18)

We make frequent use of this representation/approximation. Rapidly 0≤ ε̇k≤1/12k→
0, but for most practical purposes simply setting ε̇k=0 or its lower bound even for k=1
should be fine. We used the exact expression in the experiments, but the asymptotic one
provides more insight.

B I.I.D. Tests for Multinomial Distribution

Here we develop tests analogs to those in Section 5 but without the Poisson approxima-
tion, i.e. directly for iid X i.e. multinomial N . The derivations for the upper bounds on
the expectations of the test statistics T are structurally very similar. Since this section
closely mirrors Section 5, we only point out the differences, and refer to Section 5 for
explanation of various steps and detailed explanations and discussion. Upper bounding
the variances is significantly more complicated, and is deferred to Appendix C. P , E, V,
W are w.r.t. the multinomial distribution Pθ (1).

For large n, the basic functions g(θ)≈fn(λ) and Figure 1 looks virtually unchanged,
just with λ replaced by nθ. The p-value expressions are also unchanged, except now in
terms of Φ instead of Φn, i.e. without fudge factor cn, and the upper bounds for E[T ]
derived here are slightly different. Appendix C also shows that under certain conditions,
Vθ[T ]≈Vλ[T ]. The running example of duplicate data items is also unchanged, even the
specific constants remain the same for n→∞.

The general idea behind the tests. Like the Poisson, the binomial (2) is also
“smooth” in k and θ, has a unique maximum at k≈nθ, is log-concave with small slope
and curvature, so is also a rather benign function. Indeed it is (also) approximately
Gaussian with mean nθ and variance nθ(1−θ). Analogous to (8), consider

E[Mk] =
∑
x

Pθ[Nx=k] =
∑
x

Pθx(k) =
∑
x

fn
k (θx) =

∑
x

(n
k

)
θkx(1−θx)

n−k (19)

Proposition 8 stays nearly the same. Since we use it repeatedly we (re)state it here in
terms of Pλ. The proof is the same with the obvious substitutions of Pθ instead of Pλ

and
∑

xθx=1 instead of
∑

xλx=n, which explains the “missing” factor n.
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Proposition 26 (Multinomial upper bounds for linear tests). Let T =
∑

kαkMk

for αk∈R. Provided all involved sums and integrals are absolutely convergent, we have
τ :=E[T ]≤supθ>0f(θ)/θ=:τub, where f(θ) :=

∑
kαkPθ(k)=(n

k
)θk(1−θ)n−k, and

V[T ]≤
∑

kα
2
kE[Mk]≤ V ub, where V ub :=

∑
kα

2
kµ

ub
k with µub

k ≥E[Mk] upper bounding the
expectations of Mk.

Second-order count tests Mk.

fn
k (θ) ≤ fn

k

(
k
n

)
≤
√

n
2πk(n−k)

= 1√
2πk

[
1+O( k

n
)
]
, hence (20)

µk := E[Mk] ≤ n
k
fn−1
k−1 (

k−1
n−1

)=:µub
k ≤ n

k

√
n−1

2π(k−1)(n−k)
= n

k
√

2π(k−1)
[1+O( k

n
)] (21)

These expressions very similar to (9) just for fn−1
k−1 (θ) and maximizer θ∗ = k−1

n−1
(cf. Fig-

ure 1). In Appendix C we show that under certain conditions, V[Mk]≤E[Mk] remains
approximately valid also for Pθ, hence

p ≲ Φ((µub
k −Mk)/

√
µub
k ) ≤ exp(−1

2
n(M̄k−µ̄ub

k )2/µ̄ub
k ) = e−O(n/k3/2)

now without the fudge factor cn. The same is true for the other tests.

Even and odd tests E and O. In Section 5 we explained why we need to exclude M0

and M1 from E and O. In addition, for θx=1/d and d→∞, every x is observed exactly
once, hence M1=n and all other Mk=0, also not leading to a useful test, so we also need
to exclude Mn, i.e. α

even
k :=k ·J0 ̸=k ̸=n evenK and αodd

k :=k ·J1 ̸=k ̸=n oddK. Let

feven(θ) :=
∑
k

αeven
k Pθ(k) =

∑
0̸=k ̸=n even

k ·fn
k (θ) = 1

2
nθ[1−(1−2θ)n−1−2θn−1Jn evenK] ≤ 1

2
nθ

fodd(θ) :=
∑

1̸=k ̸=n odd

k ·fn
k (θ) = 1

2
nθ[1−2(1−θ)n−1+(1−2θ)n−1−2θn−1Jn oddK] ≤ 1

2
nθ

The equalities follow from binomial identities. The expressions in the brackets have the
form [1−h(θ)] for 2×2 different functions h(θ): For feven and fodd and for even and
odd n. In one case h(θ)≥ 0 is trivial. In the other 3 cases this follows by finding the
minimum θ∗= 1

3
|1
2
|2
3
resp. via dh(θ)/dθ=0 and showing h(θ∗)≥ 0. This establishes the

upper bounds. The remaining definitions, derivations, and arguments are the same as in
Section 5.

Slope tests Dk :=Mk−Mk−1. For the slope test we have

δk := E[Dk] =
∑
x

Pθx [Nx=k]−Pθx [Nx=k−1] =
∑
x

fδ(θx) ≤ sup
θ>0

fδ(θ)

θ
=: nδ̄ubk

where fδ(θ) :=fn
k (θ)−fn

k−1(θ) = (n+1
k
)θk−1(1−θ)n−k[θ− k

n+1
]

The last expression follows from inserting (2) and elementary algebra. The maximum of
Pθ(k) is at θ=k/n but the bracket [θ− k

n+1
] kills this maximum, moving it to ≃k+

√
k

(Figure 1). As in Section 5 we can find it exactly by differentiating

ln(fδ(θ)/θ) = ln(n+1
k
)+(k−2)lnθ+(n−k)ln(1−θ)+ln(θ− k

n+1
)

d
dθ
ln(fδ(θ)/θ) = k−2

θ
− n−k

1−θ
+ 1

θ−k/(n+1)
∝ −[(n2−1)θ2+(k−2kn+n+1)θ+k2−2k]

!
=0
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The last expression follows from multiplication with θ(1−θ)[(n+1)θ−k] and rearranging
terms. This is a quadratic equation in θ with solution

θ∗ =
2kn−k−n−1+

√
k2(5−4n)+k(4n2−2n−6)+(n+1)2

2(n2−1)
=

k− 1
2

n
+

√
k+ 1

4

n
+O

(
k3/2

n2

)
which is indeed the global maximum.

δ̄ubk =
fδ(θ

∗)

nθ∗
=

1−O(1/
√
k)

k2
√
2πe

(22)

The remainder is the same as in Section 5 with Φn;Φ and Vθ[Dk]≈Vλ[Dk]≤ ....

Linear curvature tests Ck :=2Mk−Mk−1−Mk+1. Let

fγ(θ) := 2Pθ(k)−Pθ(k−1)−Pθ(k+1) = fn
k (θ)

[
2− k

n−k+1

1−θ

θ
−n−k

k+1

θ

1−θ

]
be the negative curvature of Pθ. Unlike in Section 5 we cannot maximize fγ(θ)/θ exactly
anymore, but the following upper bound is quite tight (cf. Figure 1)

sup
θ>0

[fγ(θ)/θ] ≤ sup
θ>0

{fn
k (θ)/θ}·max

z>0
[2−α/ϑ−βϑ] = µub

k [2−2
√

αβ]

where ϑ := θ
1−θ

, α= k
n−k+1

, β= n−k
k+1

, and maxz is attained at ϑ2=α/β. Hence

nγ̄ := E[Ck] =
∑
x

fγ(θx) ≤ max
θ>0

fγ(θ)

θ

≤ nγ̄ub
k := µub

k

[
2−2

√
k

k+1
n−k

n−k+1

]
≤ µub

k

(k+ 1
2
)(1− k

n+1/2
)
≈ n

k2
√
2πk

(23)

where ≈ holds for n≫k≫1. The remainder is the same as in Section 5.

Logarithmic curvature tests Ūk :=2lnMk−lnMk−1−lnMk+1. The derivation is
the same as in Section 5 with minimal changes: With P̃θ,k[X = x] := fn

k (θx)/µk and
ϑx :=θx/(1−θx) we get

µk+1

µk

=
1

µk

∑
x

fn
k+1(θx) =

1

µk

∑
x

n−k

k+1
ϑxf

n
k (θx) =

n−k

k+1
·Ẽθ,k[ϑX ]

µk−1

µk

=
1

µk

∑
x

fn
k−1(θx) =

1

µk

∑
x

k

n−k+1

1

ϑx

fn
k (θx) =

k

n−k+1
·Ẽθ,k

[
1

ϑX

]
≥

k
n−k+1

Ẽθ,k[ϑX ]

where we applied Jensen’s inequality in the last step to convex function 1/ϑ. Taking the
product, the dependence on unknown θ cancels out:

ῡk := ln
µk

µk−1

µk

µk+1

≤ ln
n−k+1

n−k

k+1

k
=: ῡub

k ≤ 1

k
+

1

n−k
(24)

The remainder is the same as in Section 5.
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Summary. In the table below we summarize the most important quantities for the
tests T :X n→R derived in this section for comparison to the ones derived in Section 5
based on the Poisson approximation. For τ :=E[T ] we derived tight upper bounds for all,
even small k. The n≫k≫1 approximations in the table are the same as for the Poisson
approximation, but the referred to exact expressions differ.

Test Name T :=nT̄ := τ̄ :=E[T̄ ]≤ V[T̄ ]≲ V̄ ub= θ∗ O(ln1
p
)

Even̸=0 E :=
∑

xNxJNx ̸=0 evenK ε̄ub=1/2 1
n

∑
k ̸=0&n evenk

2Mk
1/3 | 1/2 n

Odd̸=1 O :=
∑

xNxJNx ̸=1 oddK ōub=1/2 1
n

∑
k ̸=1& oddk

2Mk
2/3 | 1/2 n

2nd-Count Mk :=
∑

xJNx=kK µ̄ub
k

(21)
≈ 1

k
√
2πk

µ̄ub
k

k−1
n−1

n
k3/2

Slope Dk :=Mk−Mk−1 δ̄ubk
(22)
≈ 1

k2
√
2πe

M̄k+M̄k−1 ≈ 1
n
[k+

√
k] n

k5/2

Lin.Curv. Ck :=2Mk−Mk−1−Mk+1 γ̄ub
k

(23)
≈ 1

k2
√
2πk

4M̄k+M̄k−1+M̄k+1 ≈k/n n
k7/2

Log.Curv. Ūk :=ln(M2
k/Mk−1Mk+1) ῡub

k

(24)
≈ 1

k
M̄−1

k−1+4M̄−1
k +M̄−1

k+1 any n
k7/2

Claim 27 (IID tests). Consider the test statistics T̄ and associated upper bounds on
their mean τ̄ and variance V[T̄ ] from the above table. Then test T̄ (x1:n) ≥

√
n[τ̄ub+

zα
√
V̄ ub] rejects that x1:n is iid with confidence ≳ 1−α, i.e. at significance level ≲ α,

where zα :=Φ−1(1−α) (typically α=0.05 and z0.05=̇1.64). The conditions under which
≲ is reasonably accurate are discussed in Appendix C. See Lemma 21 (with Z+=T and
Zx=Tx) for p-values and further details.

C Technical Lemmas for Multinomial vs Poisson

In this section we introduce the multinomial distribution Pθ and Poisson process Pλ more
carefully with the aim to find useful relations between their means and variances for our
tests. We confirm that Eλ[T ] derived in Section 5 is close to Eθ[T ] derived directly in
Appendix B, not just for or specific tests but more generally. For the variance, we have
only derived expressions for Vλ (Section 5 and appendix A). The results in this Section
show that under certain conditions Vθ ≲ Vλ, which in turn allows to avoid the fudge
factor cn

≃√2πn used in Section 5. The precise conditions under which this is possible
have yet to be worked out. Since we are comparing the multinomial with the Poisson
distribution, P , E, V are appropriately indexed with θ or λ.

Poisson distribution/process. The Poisson(λ) distribution Pλ(k):=λke−λ/k!=:gk(λ)
for λ≥ 0 and k ∈ N0 has Eλ[k] = Vλ[k] = λ. For finite X , let (Ω := NX

0 ,2
Ω,Pλ) be the

probability space of independent Poisson(λx) for x∈X . For random variables N and
atomic events {n} with n∈NX

0 , with slight overload in notation we have

Pλ(n) := Pλ[N=n] :=
∏
x∈X

Pλx(nx) =
∏
x∈X

λnx
x e−λx

nx!

where λx ≥ 0. We will assume
∑

xλx = n. For infinite X , one defines Pλ on all finite
partitions of X , with λ of a partition being the sum (or measure in general) of λx over
the x in the partition. These probabilities so defined on the “cylinder” set are indeed
“self-consistent” in the sense that they can uniquely be extended in a standard way to
a measure on NX

0 with σ-algebra generated by the cylinders (a Poisson process). The
details are of no concern to us.
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What is important is that partitions of X are also products of Poissons. In particular,
for the cylinders,

Ex
k := {n∈NX

0 :nx=k}
Ex̄

k̄ := {n∈NX
0 :nx̄= k̄}, where nx̄ :=

∑
x′′ ̸=xnx′′

Exx′

kk′
:= {n∈NX

0 :nxx′ =kk′}, where nxx′ :=
∑

x′′∈X\{x,x′}nx′′

Pλ[E
x
k ] = Pλ[Nx=k] = Pλx(k) ≡ gk(λx) ≡ λk

xe
−λx/k!

Pλ[E
x
k∩Ex′

k′ ∩Exx′

kk′
] = Pλ[E

x
k ]·Pλ[E

x′

k′ ]·Pλ[E
xx′

kk′
] = Pλx(k)·Pλx′

(k′)·Pλ
xx′

(kk′)

where λxx′ :=
∑

x′′∈X\{x,x′}λx′′ = n−λx−λx′

and similar for other combination of events. For the total sample size N :=N+=
∑

x∈XNx,
and associated event EX

n :={n :
∑

xnx=n} we have

Pλ[E
X
n ] ≡ Pλ[N=n] = Pn(n) = nne−n/n! ≃1/

√
2πn =: 1/cn

Independence also implies the elementary identities

Eλ[Nx] = Vλ[Nx] = λx and Covλ[Nx,Nx′ ] = 0 for x ̸=x′, hence

Eλ[N ] =
∑
x

Eλ[Nx] =
∑
x

λx = n and Vλ[N ] =
∑
x

Vλ[Nx] =
∑
x

λx = n

This means that N=n±OP (
√
n) is close to n for large n.

Multinomial distribution. The multinomial distribution respects similar identities
as the product of Poissons, except independence. Under certain conditions it is close to
Poisson and close to independent. Traditionally, the multinomial is defined on sample
space Ωn := {n :

∑
xnx = n}. For comparison to the Poisson this is inconvenient. We

enlarge the support from Ωn to Ω=NX
0 and define the multinomial zero on Ω\Ωn. For

X ={1:d},

Pθ(n) := Pθ[N=n] :=
( n

n1,...,nd

) d∏
x=1

θnx
x for

∑
x

nx=n and 0 else

where θx≥0 and
∑

xθx=1. For countable X the above formula still applies, since only
finitely many nx can be non-zero, and nx=0 gives no contribution. For uncountable X it
can be extended in the same way as Pλ by partitioning X . A special case is the binomial
distribution

Pθ(k) = fn
k (θ) := (n

k
)θk(1−θ)n−k for 0≤θ≤1 and k∈{0:n} and 0 else

Some identities analogous to Pλ are

Pθ[E
x
k ] = Pθ[Nx=k] = Pθx(k) ≡ fn

k (θx)

Pθ[E
x
k∩Ex′

k′ ] = Pθ[Nx=k∧Nx′ =k′] =: fkk′(θx,θx′) = ( n
k k′

)θkxθ
k′

x′(1−θx−θx′)n−k−k′

and similar for other combination of events. By definition, Pθ[N =n] =Pθ[Ωn] = 1. We
also have the elementary identities

Eθ[Nx] = nθx, Vθ[Nx] = nθx(1−θx) and Covθ[Nx,Nx′ ] = −nθxθx′ for x ̸=x′

Note that Nx and Nx′ are negatively correlated, and Ex
k and Ex′

k are not independent
under Pθ unlike Pλ.
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Exact relations between multinomial and Poisson distribution. For λ = nθ,
which we henceforth assume, the multinomial and product of Poissons are closely related.
A straightforward bound for any linear combination S :=

∑
xβxNx of Nx is

Vθ[S] =
∑
x

β2
xVθ[Nx]+

∑
x ̸=x′

βxβx′Covθ[Nx,Nx′ ] =
∑
x

β2
xnθx(1−θx)−

∑
x ̸=x′

βxβx′nθxθx′

=
∑
x

β2
xλx−n(

∑
x

βxθx)
2 ≤

∑
x

β2
xVλ[Nx] = Vλ[S]

Unfortunately we need bounds for non-linear functions of Nx such as Mk=
∑

xJNx=kK,
which are much harder to come by. First note that Pλ conditioned on N = n exactly
equals Pθ:

Pλ[N=n|N=n] =
Pλ[N=n]

Pλ[N=n]
=

∏
xλ

nx
x e−λx/nx!

nne−n/n!
=
(n
n

)∏
x

(
λx

n

)nx

= Pθ[N=n]

(25)

hence
Pλ(n)

Pθ(n)
=

Pλ(n|n)Pλ(n)

Pλ(n|n)
= Pλ[N=n] =:

1

cn

≃ 1√
2πn

provided
∑
x

nx=n

This implies that for all events E⊆Ωn, Pλ[E|n]=Pθ[E] but Pλ[E]= cn ·Pθ[E], i.e. they
differ by a factor of cn =O(

√
n). The intuition is that the Pθ probability mass of E

is spread out in Pλ over
∑

xnx=n±O(
√
n). For events E of probability exponentially

small in n, the slack of a sub-polynomial cn is benign in theory, but unfortunately not in
practice. Another useful exact relation is

Pθ[E
x
k ] = Pλ[E

x
k |N=n] =

Pλ[E
x
k∩{N=n}]

Pλ[N=n]
=

Pλ[E
x
k∩Ex̄

k̄
]

Pλ[N=n]
=

Pλ[E
x
k ]·Pλ[E

x̄
k̄
]

Pλ[N=n]
(26)

where k̄ = n−k and λx̄ =
∑

x′′ ̸=xλx′′ . This can also be verified by explicit calculation
similar to (25).

On the other hand we will show that under certain conditions, Pθ[E
x
k ]≈Pλ[E

x
k ] even

without conditioning on N =n. For instance, we already know thar Eθ[Nx]=nθx=λx=
Eλ[Nx] and Vθ[Nx]=nθx(1−θx)≈nθx=λx=Vλ[Nx] for small θx. There is no contradiction
to Pλ[E]=cn ·Pθ[E], since Ex

k ̸⊆Ωn. Here the intuition is that Ex
k itself is spread out over

a wide range of n′, and Pλ[E
x
k |n′] is approximately independent of n′ at least over the

range n′∈ [n±O(
√
n)]. If this is satisfied, then

Pλ[E
x
k ] =

∑
n′

Pλ[E
x
k |N=n′]Pλ(n

′) ≈ Pλ[E
x
k |N=n]

∑
n′

Pλ(n
′) = Pθ[E

x
k ]

Approximate relations between multinomial and Poisson. We now derive our
fundamental relation between a single Poisson Pλ(k) and binomial Pθ(k) for λ=nθ, which
is the basis for all other approximations.

Lemma 28 (Expansion of log(Poisson/binomial)). For κ :=k/n=:1−γ and θ=λ/n
fixed and n→∞,

ln
Pλ(k)

Pθ(k)
≡ ln

gk(λ)

fn
k (λ)

= n(κ−θ)−nγln
1−θ

γ
+ln

√
γ+O(

κ

γn
)
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For κ close to θ we can further approximate this by

ln
Pλ(k)

Pθ(k)
=

n

2γ
(κ−θ)2[1+O( 1

γ
|κ−θ|)]+ln

√
γ+O(

κ

γn
)

For κ,θ=o(n−1/2) this implies

Pλ(k) = Pθ(k)·[1+(n
2
(κ−θ)2(1+O(n(κ−θ)2+κ))− 1

2
κ−O(κ2+κ/n))]

= Pθ(k)·[1±o(1)]

For κ,θ≤cn−1/2−δ with c,δ>0 it implies Pθ(k)≶Pλ(k)·[1±c′n−2δ] for some c′<∞.

Proof. lnPλ(k) ≡ klnλ−λ−lnk! = n(κlnθ+κlnn−θ)−lnk! (by definition)

lnPθ(k) ≡ lnn!−lnk!−ln(γn)!+nκlnθ+nγln(1−θ) (by definition)

lnn!/(γn)! = nκlnn
e
−γnlnγ−ln

√
γ−O(κ/γn) (by 2×Stirling)

ln[Pλ(k)/Pθ(k)] = nκlnn−nθ−ln[n!/(γn)!]−nγln(1−θ) (by lines 1&2)

= n(κ−θ)−nγln1−θ
γ
+ln

√
γ+O(κ/γn) (by line 3)

= n
2γ
(κ−θ)2+ln

√
γ+O(n(κ−θ)3/γ2)+O(κ/γn) (by next line)

ln1−θ
γ

= ln[1+ κ−θ
γ
] = κ−θ

γ
− (κ−θ)2

2γ2 +O(κ−θ
γ
)3 (by Taylor)

The last bound in the Lemma follows from exponentiating the previous bound, Taylor
expanding the exponential, and noting that even the largest term n(κ−θ)2 → 0 for
κ,θ=o(n−1/2) and 1/γ=1+O(κ).

Assuming k ≤ c ·n1/2−δ and θx ≤ c ·n−1/2−δ ∀x, the lemma implies Pθ[E
x
k ]≶ Pλ[E

x
k ] ·

[1±c′n−2δ] uniformly for all x. Taking the sum over x∈X , noting that Mx
k = JNx=kK=

JN ∈Ex
k K and Mk=

∑
xM

x
k , we also have Eθ[Mk]≶Eλ[Mk]·[1±c′n−2δ]. This extends to

(positive) linear combinations of Mk:

Proposition 29 (Eθ[T ] ≈ Eλ[T ] and
∑

xVθ[M
x
k ] ≈ Vλ[Mk]). For kmax ≤ c ·n1/2−δ

and θx ≤ c ·n−1/2−δ ∀x, and random variable T :=
∑

k≤kmax
αkMk with αk ≥ 0, we have

Eθ[T ]≶Eλ[T ]·[1±c′n−2δ]. In particular, Eθ[Mk]≶Eλ[Mk]·[1±c′n−2δ] and
∑

xVθ[M
x
k ]≶

Vλ[Mk]·[1±c′n−2δ] for k≤kmax. For general αk≶0, we have |Eθ[T ]−Eλ[T ]|≤Eλ[S]·c′n−2δ,
where S :=

∑
k|αk|Mk.

For instance, for the slope test Dk =Mk−Mk−1, the correction is small relative to
Eθ[Dk] iff E[Mk+Mk−1]≪ nδE[Dk]. If Mk and Mk−1 and Dk scale linearly in n, then
this is the case. We derived upper bounds for Eθ[T ] directly in Appendix B, so we
actually don’t need to be concerned about approximation error for expectations. The
stated simple bound on the variance unfortunately does not generalize to Vθ[T ], not even
Vθ[Mk], nor Vθ[

∑
kαkM

x
k ].

Proof. The statement for Mk has been derived above. For T it follows from linearity of
the expectation and |Pθ[E

x
k ]−Pλ[E

x
k ]|≤Pλ[E

x
k ]ε

′ derived in Lemma 28, where ε′ :=c′n−2δ:

|Eθ[T ]−Eλ[T ]| ≤
∑
x

|αk|·|Pθ[E
x
k ]−Pλ[E

x
k ]| ≤

∑
x

|αk|Pλ[E
x
k ]ε

′ = ε′Eλ[S]

If αk≥0 ∀k, then S=T . The variance bound can be derived as follows: Lemma 28 implies

|(1−Pθ[E
x
k ])−(1−Pλ[E

x
k ])| = |Pλ[E

x
k ]−Pθ[E

x
k ]| ≤ ε′Pλ[E

x
k ] ≤ ε′(1−Pλ[E

x
k ])
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In the last inequality we exploited Pλ[E
x
k ]=Pλx(k)≤Pk(k)≤ 1√

2πk
≤ 1

2
. Hence

1−Pθ[E
x
k ] ≶ (1±ε′)(1−Pλ[E

x
k ])

For any function f this implies

Eθ[f(M
x
k )] = f(1)Pθ[E

x
k ]+f(0)(1−Pθ[E

x
k ])

≶ |f(1)|Pλ[E
x
k ](1±ε′)+|f(0)|(1−Pλ[E

x
k ])(1±ε′) = (1±ε′)Eλ[|f(Mx

k )|]

Specifically for the function fλ(M
x
k ) := (Mx

k −µλ)
2 ≥ 0, where µλ :=Eλ[M

x
k ], with µθ :=

Eθ[M
x
k ], we get

Vθ[M
x
k ] = Eθ[(M

x
k −µθ)

2] ≤ Eθ[(M
x
k −µλ)

2] = Eθ[fλ(M
x
k )]

≤ (1+ε′)Eλ[fλ(M
x
k )] = (1+ε′)Vλ[M

x
k ]

Reversing the role of λ and θ we get Vλ[M
x
k ]≤(1+ε′)Vθ[M

x
k ] in the same way. Summing

both bounds over x we get
∑

xVθ[M
x
k ]≶ (1±ε′)

∑
xVλ[M

x
k ]. The variance bound in the

proposition now follows from independence of Mx
k w.r.t. Pλ.

Upper bounding multinomial variances. We were able to derive upper bounds for
Vλ[T ] (in Section 5) by exploiting independence Covλ[M

x
k ,M

x′

k′ ]=0 ∀x ̸=x′, but not for
Vθ[T ], since Covθ ̸=0. We need to show that Covθ is small. We do this by approximating
Covθ ̸=0 by Covλ=0. The approximation error can be determined similarly as we did
for the expectation.

Indeed, it can even be reduced to an application of Lemma 28: In addition to the
Poisson notation above, let Exx′

kk′ ={n :nx+nx′ =k+k′}. Then for x ̸=x′

Pθ[E
x
k∩Ex′

k′ ] = Pλ[E
x
k∩Ex′

k′ |N=n] =
Pλ[E

x
k∩Ex′

k′ ∩{N=n}]
Pλ[N=n]

=
Pλ[E

x
k∩Ex′

k′ ∩Exx′

kk′
]

Pλ[N=n]

=
Pλ[E

x
k ]·Pλ[E

x′

k′ ]·Pλ[E
xx′

kk′
]

Pλ[N=n]

(26)
= Pλ[E

x
k ]Pλ[E

x′

k′ ]
Pθ[E

xx′

kk′ ]

Pλ[Exx′
kk′ ]

≡ gk(λx)gk′(λx′)
fk+k′(θx+θx′)

gk+k′(λx+λx′)

Again, one could verify this also by inserting the explicit expressions. That is, even
though Ex

k and Ex′

k′ are not independent under Pθ, the probability is a “product” of 3
Poissons and 1 binomial. The above identity implies

Covθ[M
x
k ,M

x′

k′ ] ≡ Pθ[E
x
k∩Ex′

k′ ]−Pθ[E
x
k ]Pθ[E

x′

k′ ]

= rkk′(λx,λx′)gk(λx)gk′(λx′) with rkk′(λx,λx′) :=

[
fn
k+k′(θx+θx′)

gk+k′(λx+λx′)
− fn

k (θx)

gk(λx)
· f

n
k′(θx′)

gk′(λx′)

]
= rkk′(θx,θx′)fn

k (θx)f
n
k′(θx′) with rkk′(θx,θx′) :=

[
gk(λx)

fn
k (θx)

gk′(λx′)

fn
k′(θx′)

fn
k+k′(θx+θx′)

gnk+k′(λx+λx′)
− 1

]
The first/second expression is more convenient for theoretical/empirical upper bounds.
Lemma 28 shows that gk/f

n
k → 1 for κ,θ=O(n−1/2−δ) with δ > 0, hence rkk′ tends to 0.

More precisely

rkk′(θ,θ
′) = n

2
(κ−θ)2 ·(1+O(n−δ′))− 1

2
κ + n

2
(κ′−θ′)2 ·(1+O(n−δ′))− 1

2
κ′

− n
2
(κ+κ′−θ−θ′)2 ·(1+O(n−δ′))+ 1

2
(κ+κ′) + O(n−δ′′)

= −n(θ−κ)(θ′−κ′)·(1+O(n−δ′))+O(n−δ′′) = ...= rkk′(λ,λ
′)
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where δ′ :=min{1
2
+δ,2δ} and δ′′ :=min{1+2δ,3

2
+δ}. If we drop all O()-terms we get

Vθ[Mk] =
∑

xVθ[M
x
k ]+

∑
x ̸=x′Covθ[M

x
k ,M

x′

k′ ]

≈
∑

xVθ[M
x
k ]−

∑
x ̸=x′n(θx−κ)(θx′−κ′)fn

k (θx)f
n
k′(θx′)

=
∑

xVθ[M
x
k ]−n

∑
x,x′fn

k (θx)(θx−κ)fn
k′(θx′)(θx′−κ′)+n

∑
x[f

n
k (θx)(θ−κ)]2

=
∑

xVθ[M
x
k ]−n[

∑
xf

n
k (θx)(θx−κ)]2+n

∑
x[f

n
k (θx)(θx−κ)]2

The middle term is negative. Adapting Lemma 16, or a bit more convenient using fn
k (θ)≈

gk(λ) by Lemma 28 and Lemma 16 directly, the last term can be upper bounded as

n
∑
x

[fn
k (θx)(θx−κ)]2 ≈ 1

n

∑
x

[gk(λx)(λx−k)]2 ≤ sup
λ>0

[gk(λ)(λ−k)2]

λ

(10)
=

[
sup
λ>0

λ3/2 gδ(λ)

λ

]2
≈
[
(λ∗

+)
3/2sup

λ>0

gδ(λ)

λ

]2
= λ∗

+gδ(λ
∗
+)

2 ≈ kgδ(k)
2

(11)
≈ 1

2πek

which is very small compared to the typically linearly in n scaling Vθ[Mk]. Ultimately
we need an upper bound in terms of E[Mk], so∑

xVθ[M
x
k ] =

∑
xEθ[(M

x
k )

2]−
∑

xEθ[M
x
k ]

2 = Eθ[Mk]−
∑

xf
n
k (θx)

2, hence

Vθ[Mk] ≲ Eθ[Mk]+
∑

x[f
n
k (θx)

2[n(θx−κ)]2−1]

The same line of reasoning as above shows that∑
x[f

n
k (θx)

2[n(θx−κ)]2−1] ≈ kgδ(k)
2− n

k
gk(k)

2 ≈ 1
2πk

[1
e
− n

k
] ≤ 0

The arguments above readily extend to linear combinations of Mk (cf. Lemma 22):

Claim 30 (Vθ[T ]≲Eθ[T ]). For kmax = o(n1/2) and supxθx = o(n−1/2) and T :=∑
k≤kmax

αkMk with αk∈R, we have Vθ[T ]≲Eθ[T ]. The smaller kmax and θx, the better
the accuracy, The relative error is small under suitable further conditions.

Law of total variation. Let T be a random variable of interest, e.g. one of our test
statistics Mk or Uk, etc. Another potential approach towards proving Claim 30 is using
the law of total variation:

Vλ[T ] = Eλ[Vλ[T |N ]]+Vλ[Eλ[T |N ]] =
∑
n′

Vλ[T |N=n′]Pλ[N=n′]+Vλ[Eλ[T |N ]]

Note that λ=nθ are fixed as before (λ ̸=n′θ unless n′=n). We know that Pλ[N =n′]
has mean and variance n with light tails, so concentrates around n′ ∈ [n±(O

√
n)]. If

Vλ[T |N =n′] does not change much in this interval, then the sum can be approximated
by Vλ[T |N=n]≡Vθ[T ]. This implies

Observation 31 (Vθ[T ]≲Vλ[T ] or even Vθ[T ]≈Vλ[T ]). For any random variable
T , if Vθ[T |N =n′] does not change much for n′∈ [n±(O

√
n)], then Vθ[T ]≲Vλ[T ]. If in

addition Eλ[T |N=n′] does not change much for n′∈ [n±O(
√
n)], then Vθ[T ]≈Vλ[T ].
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D Sampling from Card Decks

We continue with the Black Jack example from the introduction and Section 2. Assume
we sample n cards from c card decks of d cards each. The following proposition shows
that the test statistic M2 can distinguish c=2 (Halt) from c=∞ (Hiid) with exponentially
vanishing Type I and Type II error, provided the fraction of cards drawn exceeds 1/e.

Proposition 32 (Exponential Type I and Type II error for 2 shuffled card decks).
Consider c=2 (shuffled) card decks of d cards each as Halt and fix any 0<γ< 1

2
. Then

the test that rejects Hiid if M̄2≥ 1
2e
+n−γ has vanishing Type I/II error εI/II for n,d→∞,

provided that the fraction of drawn cards 1>β :=n/2d>1/e. More precisely εI≲exp(−e·
n1−2γ+O(1)) and εII≈Φ

(
− β−1/e

1−β

√
n/2β

)
.

Proof. Type I error follows the same line of argument as for the p-Values derived in
Example 9. Note that µ2≡E[M2]≤µub

2 = n
2e

and σ2
2 :=V[M2]≤µub

2 = n
2e
, so

εI := Pθ[M̄2≥ 1
2e
+n−γ] ≤ Pθ[M2−µ2≥n1−γ] ≤ Pθ

[
M2−µ2

σ2

≥ n1−γ√
n/2e

]
≤ cnPλ

[
M2−µ2

σ2

≥
√
2e·n1−2γ

]
≲ Φn

(
−
√
2e·n1−2γ

)
≤ exp(−e·n1−2γ+O(1))

Type II error: We have to establish the distribution of M2 under Q∈Halt. We will
make repeated use of the Hypergeometric distribution, which is the probability that k
balls are blue when sampling without replacement n marbles from a bag of N marbles of
which K are blue:

P (k|n,K,N) :=
(
K
k

)(
N−K
n−k

)
/
(
N
n

)
, E[k|n,K,N ] = nK

N
, V[k|n,K,N ] = nK

N
N−K
N

N−n
N−1

The probability that n1 cards are from “the blue” deck 1 when sampling n cards from
two decks hence is P (n1|n,d,2d). For fixed n1, if we draw n1 cards from deck 1, and then
n2=n−n1 cards from deck 2, the probability that among the n2 cards, l have the same
face as the n1 cards from deck 1 is also Hypergeometrically distributed:

Q[M2= l|n2,n1,d] = P (l|n2,n1,d) =
(
n1

l

)(
d−n1

n2−l

)
/
(

d
n2

)
,

E[M2|n2,n1,d] =
n1n2

d
, V[M2|n2,n1,d] =

n1n2

d
d−n1

d
d−n2

d−1

=⇒ Q[M2= l|n,d] =
∑

n1+n2=n

Q[M2= l|n2,n1,d]·P (n1|n,d,2d)

Exploiting binomial identities, the sum can be calculated analytically as well as the
expectation and variance, but the expressions are unwieldy and not very useful. Since
ultimately we are only interested in large n approximations, we can obtain the following
approximate expressions: P (n1|n,d,2d) is strongly peaked around n1≈ n

2
≈n2, hence

Q[M2= l|n,d] ≈ Q[M2= l|n
2
,n
2
,d],

µQ
2 := E[M2|n,d] ≈

n2

4d
,

(σQ
2 )

2 := V[M2|n,d] ≈
n2

4d

(d−n/2)2

d(d−1)
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Indeed one can show that the relative accuracy isO(1/n) and that (M2−µQ
2 )/σ

Q
2 converges

to a standard Normal distribution provided 0 < β := n/2d < 1. With µQ
2 ≈ nβ/2 and

σQ
2 ≈(1−β)

√
nβ/2 we get

εII = Q[M̄2<
1
2e
+n−γ] ≈ Q[M2<

n
2e
] = Q

[
M2−µQ

2

σQ
2

<
n
2e
−µQ

2

σQ
2

]
≈ Φ

( n
2e
−µQ

2

σQ
2

)
≈ Φ

(
−β−1/e

1−β

√
n

2β

)
≤ exp

(
− (β−1/e)2

4β(1−β)2
·n
)

E List of Notation

Symbol Type Explanation
a/bc=a/(bc) while a/b·c=(a/b)·c though we actually always bracket the latter
JboolK ∈{0,1} =1 if bool=True, =0 if bool=False (Iverson bracket)
i,j ∈N generic indices
{i :j} ⊂Z set of integers from i to j (empty if j<i)
R,R+,R+

0 reals, strictly positive reals, non-negative reals
|X | ≡#X size of set X .
x ∈X single sample
X sample space of size d= |X |, mostly d=∞ and X countable.
X ′ ={x :θx>0} all x potentially observable d′= |X ′|.
X ′′ ={x :nx>0} all x actually observed. d′′= |X ′′|
n number of samples, sample size
X X -valued random variable
X ≡X1:n n iid or exchangeable random variables
x≡x1:n ∈X n sample of size n
t ∈{1:n} sample index
k ∈N0 second-order multiplicity index
Nx = #{t :Xt=x} (first-order) count=multiplicity of x in X
Mk = #{x :Nx=k} (second-order) count=multiplicity of k in N
M = (M1,M2,...) vector of Mk excluding M0, also M+ :=M1+M2+...
x,nx,mk,m,... realization of random variable X,Nx,Mk,M ,...
P (x) := P [X=x] probability that X is x
Pθ(k) ≡fn

k (θ) :=(n
k
)θk(1−θ)n−k binomial distribution over N0

Pθ ∈Hiid iid (multinomial) distribution over X n (NX
0 )

Pλ(k) ≡gk(λ) :=λke−λ/k! Poisson distribution over N0

Pλ product of Poisson(λx) distributions over n∈NX
0

Q ∈Q exchangeable distribution
Y,Z generic random variables
E expectation w.r.t. Pθ or Pλ unless otherwise noted
σ2 = V[Z] := E[Z2]−E[Z]2 variance of Z and other random variables
Cov[Y,Z] := E[Y Z]−E[Y ]E[Z] covariance of Y and Z
ρ = W[Z] := E[|Z−ζ|3] third absolute central moment
O(),Θ() classical O() notation
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OP () stochastic O-notation
≈ approximately equal, informal
f(n)≲g(n) means f(n)≤g(n)·[1+OP (1/

√
n)], and similarly ≳ and ≃

f(n)≶g(n)·[1±ε] means f(n)≤g(n)·[1+ε] and f(n)≥g(n)·[1−ε]
=̇ e.g. z=̇1.64 equal to within the number of displayed digits
:=, ≡,

!
= definition, equal by earlier definition, want it to be equal

Zx collection of random variables with x∈X
Z+ :=

∑
xZx sum of random variables

Z̄ :=Z+/n not an average of random variables; also Ȳ =Y/n
ζ :=E[Z] corresponding lower-case greek letters denote expectation
ζub ∈R upper bound on expectation
V ub deterministic or stochastic upper bound on variance
ε̇k,ε̈k,... ∈R+

0 small corrections ≥0 tending to 0 for k→∞
ε̃k ∈R small correction tending to 0 for k→∞
T :X n→R generic test statistic

T̃ uniformized test statistic (P [T̃ ≤α]=α)
E,O,Mk,Dk,Ck,Ūk specific test statistics
α = Pθ[T >cα] Type I error, prob. of falsely rejecting Hiid, significance level
β(α) = Q[T >cα] power of test T at level α for Q
♢ end of example & end of notation & end of paper

45


	Introduction
	Examples & Potential Applications
	Problem Formalization and Preliminaries
	Reducing general ð��§ to â��
	I.I.D. Tests
	Toy/Control Experiments
	More/Alternative Tests
	Conclusion
	References
	Technical Lemmas
	I.I.D. Tests for Multinomial Distribution
	Technical Lemmas for Multinomial vs Poisson
	Sampling from Card Decks
	List of Notation

