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Abstract

Solomonoff’s central result on induction is that the prediction of a universal
semimeasure M converges rapidly and with probability 1 to the true sequence
generating predictor u, if the latter is computable. Hence, M is eligible as
a universal sequence predictor in case of unknown p. Despite some nearby
results and proofs in the literature, the stronger result of convergence for
all (Martin-Lof) random sequences remained open. Such a convergence result
would be particularly interesting and natural, since randomness can be defined
in terms of M itself. We show that there are universal semimeasures M which
do not converge to p on all y-random sequences, i.e. we give a partial negative
answer to the open problem. We also provide a positive answer for some
non-universal semimeasures. We define the incomputable measure D as a
mixture over all computable measures and the enumerable semimeasure W as
a mixture over all enumerable nearly-measures. We show that W converges
to D and D to p on all random sequences. The Hellinger distance measuring
closeness of two distributions plays a central role.

Keywords

Sequence prediction; Algorithmic Information Theory; universal enumerable
semimeasure; mixture distributions; predictive convergence; Martin-Lof ran-
domness; supermartingales; quasimeasures.

*This work was partially supported by the Swiss National Science Foundation (SNF grants
2100-67712 and 200020-107616) and the Russian Foundation for Basic Research (RFBR grants
N04-01-00427 and N02-01-22001). Submitted 15.May’05. Revised 26.Sep’06. A shorter version
appeared in the proceedings of the ALT 2004 conference [HMO04].



2 MARrcus HUTTER & ANDREJ MUCHNIK

1 Introduction

“All difficult conjectures should be proved by reductio ad absurdum argu-
ments. For if the proof is long and complicated enough you are bound
to make a mistake somewhere and hence a contradiction will inevitably
appear, and so the truth of the original conjecture is established QED.”

— Barrow’s second ‘law’ (2004)

A sequence prediction task is defined as to predict the next symbol z,, from
an observed sequence x =x...x,_1. The key concept to attack general prediction
problems is Occam’s razor, and to a less extent Epicurus’ principle of multiple expla-
nations. The former/latter may be interpreted as to keep the simplest/all theories
consistent with the observations z...x,,_1 and to use these theories to predict z,,.
Solomonoff [Sol64, Sol78] formalized and combined both principles in his univer-
sal a priori semimeasure M which assigns high/low probability to simple/complex
environments x, hence implementing Occam and Epicurus. Formally it can be rep-
resented as a mixture of all enumerable semimeasures. An abstract characterization
of M by Levin [ZL70] is that M is a universal enumerable semimeasure in the sense
that it multiplicatively dominates all enumerable semimeasures.

Solomonoff’s [Sol78] central result is that if the probability u(z,|z;...2,—1) of ob-
serving x,, at time n, given past observations x;...x,_1 is a computable function, then
the universal predictor M,,:=M (x,|x1...x,_1) converges (rapidly!) with pu-probability
1 (w.p.1) for n— oo to the optimal/true/informed predictor pu, := p(z,|T1...00-1),
hence M represents a universal predictor in case of unknown “true” distribution .
Convergence of M,, to u, w.p.1 tells us that M, is close to u, for sufficiently large n
for almost all sequences x1x5.... It says nothing about whether convergence is true
for any particular sequence (of measure 0).

Martin-Lof (M.L.) randomness is the standard notion for randomness of individ-
ual sequences [ML66, LV97]. A M.L.-random sequence passes all thinkable effective
randomness tests, e.g. the law of large numbers, the law of the iterated logarithm,
etc. In particular, the set of all y-random sequences has py-measure 1. It is natu-
ral to ask whether M, converges to p, (in difference or ratio) individually for all
M.L.-random sequences. Clearly, Solomonoft’s result shows that convergence may
at most fail for a set of sequences with p-measure zero. A convergence result for
M.L.-random sequences would be particularly interesting and natural in this con-
text, since M.L.-randomness can be defined in terms of M itself [Lev73]. Despite
several attempts to solve this problem [Vov87, VL00O, Hut03b], it remained open
[Hut03c].

In this paper we construct an M.L.-random sequence and show the existence of
a universal semimeasure which does not converge on this sequence, hence answer-
ing the open question negatively for some M. It remains open whether there exist
(other) universal semimeasures, probably with particularly interesting additional
structure and properties, for which M.L.-convergence holds. The main positive con-
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tribution of this work is the construction of a non-universal enumerable semimeasure
W which M.L.-converges to u as desired. As an intermediate step we consider the
incomputable measure 15, defined as a mixture over all computable measures. We
show M.L.-convergence of predictor W to D and of D to (. The Hellinger distance
measuring closeness of two predictive distributions plays a central role in this work.

The paper is organized as follows: In Section 2 we give basic notation and
results (for strings, numbers, sets, functions, asymptotics, computability concepts,
prefix Kolmogorov complexity), and define and discuss the concepts of (universal)
(enumerable) (semi)measures. Section 3 summarizes Solomonoff’s and Gécs’ results
on predictive convergence of M to p with probability 1. Both results can be derived
from a bound on the expected Hellinger sum. We present an improved bound on the
expected exponentiated Hellinger sum, which implies very strong assertions on the
convergence rate. In Section 4 we investigate whether convergence for all Martin-Lof
random sequences hold. We construct a pu-M.L.-random sequence on which some
universal semimeasures M do not converge to pu. We give a non-constructive and
a constructive proof of different virtue. In Section 5 we present our main positive
result. We derive a finite bound on the Hellinger sum between p and D, which is
exponential in the randomness deficiency of the sequence and double exponential in
the complexity of p. This implies that the predictor D M.L.-converges to p. Finally,
in Section 6 we show that W is non-universal and asymptotically M.L.-converges to
lA), and summarize the computability, measure, and dominance properties of M, D,
15, and W. Section 7 contains discussion and outlook.

2 Notation & Universal Semimeasures M

Strings. Let i,k,n,t€ IN={1,2,3,...} be natural numbers, z,y,z € X* =32 X" be fi-
nite strings of symbols over finite alphabet X' >a,b. We write xy for the concatenation
of string « with y. We denote strings z of length ¢(x)=n by z=1z125...2,, € X" with
xy € X and further abbreviate xy., ' =xrTri1...xn 17, for k<n, and v, :=x1...7,_1,
and e=x.1 =2, 1., € XY ={e} for the empty string. Let w=11.., € X*>° be a generic
and a € X'*® a specific infinite sequence. For a given sequence x1.., we say that z; is
on-sequence and Z; #x; is off-sequence. z} may be on- or off-sequence. We identify
strings with natural numbers (including zero, X*= INU{0}).

Sets and functions. @, IR, R, :=|[0,00) are the sets of fractional, real, and
nonnegative real numbers, respectively. #S denotes the number of elements in set
S, In() the natural and log() the binary logarithm.

Asymptotics. We abbreviate lim,, ...[f(n)—g(n)]=0 by f(n)—>g(n) and say f
converges to g, without implying that lim,_..g(n) itself exists. We write f(z)<g(z)
for f(z)=0(g(x)) and f(z)<g(x) for f(x)<g(z)+O(1).

Computability. A function f:§— JRU{oco} is said to be enumerable (or lower
semicomputable) if the set {(z,y) : y< f(z), x€8§,y€Q} is recursively enumerable. f
is co-enumerable (or upper semicomputable) if [—f] is enumerable. f is computable
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(or estimable or recursive) if f and [— f] are enumerable. f is approximable (or limit-
computable) if there is a computable function g:§x IN — IR with lim,,_..g(z,n) =
f().

Complexity. The conditional prefix (Kolmogorov) complexity K (x|y):=min{{(p):
U(y,p)== halts} is the length of the shortest binary program p€{0,1}* on a universal
prefix Turing machine U with output € X* and input ye X* [LVI7]. K(z):=K(x|e).
For non-string objects o we define K (0):=K({0)), where (0) € X* is some standard
code for o. In particular, if (f;)$2; is an enumeration of all enumerable functions,
we define K(f;) = K(i). We only need the following elementary properties: The
co-enumerability of K, the upper bounds (93|€( )) {(x)log|X| and K(n )<210gn7
and K(z|y)<K(z), subadditivity K (z)<K (z,y)<K(y)+ K (z|y), and information
non-increase K (f(2))<K (x)+K(f) for recursive f: % — X*.

We need the concepts of (universal) (semi)measures for strings [ZL70].

Definition 1 ((Semi)measures) We call v: X*—1[0,1] a semimeasure if v(z)>
Yaexv(za) Ve e X*, and a (probability) measure if equality holds and v(e)=1. V( ;
denotes the v-probability that a sequence starts with string x. Further, v a\x l;(g;

15 the predictive v-probability that the next symbol is a € X, given sequence € X*.

Definition 2 (Universal semimeasures M) A semimeasure M is called a uni-
versal element of a class of semimeasures M, if it multiplicatively dominates all
members in the sense that

Me M and Vv € M Jw, > 0: M(z) > w,-v(zr) Vo € X*.

From now on we consider the (in a sense) largest class M which is relevant from
a constructive point of view (but see [Sch00, Sch02, Hut03b] for even larger con-
structive classes), namely the class of all semimeasures, which can be enumerated
(=effectively be approximated) from below:

M := class of all enumerable semimeasures. (1)

Solomonoff [Sol64, Eq.(7)] defined the universal predictor M (y|z)= M (zy)/M (x)
with M (x) defined as the probability that the output of a universal monotone Turing
machine starts with z when provided with fair coin flips on the input tape. Levin
[ZL70] has shown that this M is a universal enumerable semimeasure. Another
possible definition of M is as a (Bayes) mixture [Sol64, ZL70, Sol78, LV97, Hut03b,
Hut05]: M(2)=%,c 2 K@ v(z), where K (v) is the length of the shortest program
computing function v. Levin [ZL70] has shown that the class of all enumerable
semimeasures is enumerable (with repetitions), hence M is enumerable, since K is
co-enumerable. Hence M € M, which implies

M(z) > wyM(z) > wM2*K(”)y(a:) = wlv(x), where w 227K®) (2)
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Up to a multiplicative constant, M assigns higher probability to all z than any other
enumerable semimeasure. All M have the same very slowly decreasing (in v) domi-
nation constants w!,, essentially because M € M. We drop the prime from w!, in the
following. The mixture definition M immediately generalizes to arbitrary weighted
sums of (semi)measures over countable classes other than M, but the class may
not contain the mixture, and the domination constants may be rapidly decreasing.
We will exploit this for the construction of the non-universal semimeasure W in
Sections 5 and 6.

3 Predictive Convergence with Probability 1

The following convergence results for M are well-known [Sol78, LV97, Hut03a,
Hut05].

Theorem 3 (Convergence of M to p w.p.1) For any universal semimeasure
M and any computable measure p it holds:

M(zn|T<n)

) 1, both w.p.1 for n — oo.

M (& 7<n) = p(@<y) for any o/, and

The first convergence in difference is Solomonoff’s [Sol78] celebrated conver-
gence result. The second convergence in ratio has first been derived by Gécs
[LV97]. Note the subtle difference between the two convergence results. For any se-
quence 7., (possibly constant and not necessarily random), M (2} |x<,,)—p(z),|x<p)
converges to zero w.p.l (referring to z7..), but no statement is possible for
M (2 |x<p)/p(x) |z <), since iminfu(a)|z~,) could be zero. On the other hand,
if we stay on-sequence (2., =1.00), we have M (x,|x.,)/p(zn|r<n) — 1 (whether
infu(z,|r<,) tends to zero or not does not matter). Indeed, it is easy to give an
example where M (2, |z<,)/p(z)|r<,) diverges. For p(l|z<,)=1—p(0lz<,)=4n"3
we get u(01.,) =TT 1(1—1t )"HOO =0.450... >0, i.e. 010 is p-random. On the
other hand, one can show that M (0.,)=0(1 ) and M (0.,1)Z27K™ <hich implies

((11\?::)) 2xp3.9-K(n M0 — 00 for n—oo (K (n)<2logn).

Theorem 3 follows from (the discussion after) Lemma 4 due to M (x) > w,u(x).
Actually the Lemma strengthens and generalizes Theorem 3. In the following we
denote expectations w.r.t. measure p by E,, i.e. for a function f: X" — R, E,[f]=
> P(T1n) f(@1m), where Yo' sums over all xy., for which p(z1.,) #0. Using >’
instead " is (only) important for partial functions f undefined on a set of p-measure
zero. Similarly P, denotes the p-probability.

Lemma 4 (Expected Bounds on Hellinger Sum) Let i be a measure and v be
a semimeasure with v(x)>wpu(x) Yx. Then the following bounds on the Hellinger

distance hy(v,p|lw<y) ::Zaex(\/y(aw@)—\/,u(a|w<t) )2 hold:

§ : |( /V(Wt\w<t ) i -
Wt|w<t
t=1

(i1)
Z hi] < 2In{E[exp(; th 1} < Inw™!
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where E here and later means expectation w.r.t. .

The Inw~!-bounds on the first and second expression have first been derived
in [Hut03a], the second being a variation of Solomonoff’s bound >, E[(v(0|x<,)—
1(0]z<,))?] < lnw™'. If sequence z125... is sampled from the probability measure
1, these bounds imply

V(Zn|T<n)

p@nlten) 1, both w.p.1 for n — oo,

V(&) |0n) = ple)|oon) for any 2, and
where w.p.1 stands here and in the following for ‘with p-probability 1°.

Convergence is “fast” in the following sense: The second bound (3, E[h;] <Inw™')
implies that the expected number of times ¢ in which h; > ¢ is finite and bounded by
%lnwfl. The new third bound represents a significant improvement. It implies by
means of a Markov inequality that the probability of even only marginally exceeding
this number is extremely small, and that 3,h, is very unlikely to exceed Inw=! by
much. More precisely:

P#{t:hy>e} > t(nw'+¢)] < P,y >nw !+
= Plexp(3 X he) > w2 < wE[exp(3 X he)le™? < e,

Proof. We use the abbreviations p; = p(2¢|x<;) and p1., = p1-...-pn = p(21.) for

pe{pv,RN,. .} and hy=%,, (\/vi—/1)>.

(1) follows from

E[(\/%—l za] = ) Mt\/7 = > (WVou—vm)?® < Iy

Tt: ,ut;é() wt:#t#o

by taking the expectation E[] and sum >7°,.

(#1) follows from Jensen’s inequality exp(E[f]) <E[exp(f)] for f=1%"h;.

(17i1) We exploit a construction used in [Vov87, Thm.l].  For discrete
(semi)measures p and ¢ with > ;p;=1 and > ;¢; <1 it holds:

I Y N R DX ZEN

The first inequality is obvious after multiplying out the second expression. The
second inequality follows from 1—x <e™*. Vovk [Vov87| defined a measure R;:=

Vv /Ny with normalization Ny :=>,,\/fs. Applying (3) for measure p and
semimeasure v we get N; <exp(—3h). Together with v(z) >w-p(z) Vo this implies

n / U, ,U :ny mn v n - Y
H R H . \/F = Hin /Li Nl:i > Ml:”\/aexp(% Z ht)
Pl n n =1

Summing over 1, and exploiting 3°,, R, =1 we get 1> \/wE[exp(3Y,/)], which
proves (iii).
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The bound and proof may be generalized to 1 ZwﬁE[eXp(%Zth(Vf—uf)l/ﬁ)]
with 0 <k < L by defining R, = pu} " /N, with N, =¥, " and exploiting
Spk g < exp(= 3T~ ) "), .

One can show that the constant % in Lemma 4 can essentially not be improved.
Increasing it to a constant o> 1 makes the expression infinite for some (Bernoulli)
distribution p (however we choose v). For v=M the expression can become already
infinite for >% and some computable measure .

4 Non-Convergence in Martin-Lof Sense

Convergence of M (z,|x<,) to p(x,|r<y,) with g-probability 1 tells us that M (z,|z<,,)
is close to p(x,|r<,) for sufficiently large n on ‘most’ sequences xi... It says
nothing whether convergence is true for any particular sequence (of measure 0).
Martin-Lof randomness can be used to capture convergence properties for individ-
ual sequences. Martin-Lof randomness is a very important and default concept of
randomness of individual sequences, which is closely related to Kolmogorov com-
plexity and Solomonoff’s universal semimeasure M. Levin gave a characterization
equivalent to Martin-Lof’s original definition [LevT73]:

Definition 5 (Martin-L6f random sequences) A sequence w = wi.oo 1S p-
Martin-Léf random (u.M.L.) iff there is a constant ¢ < oo such that M(wy.,) <
¢ p(wrm) for all n. Moreover, d,(w) :=sup,, {log 2@V <Joge is called the random-

3 M(wlzn)
ness deficiency of w.

One can show that an M.L.-random sequence x1.., passes all thinkable effective
randomness tests, e.g. the law of large numbers, the law of the iterated logarithm,
etc. In particular, the set of all y.M.L.-random sequences has p-measure 1.

The open question we study in this section is whether M converges to p (in
difference or ratio) individually for all Martin-Lof random sequences. Clearly, The-
orem 3 implies that convergence p.M.L. may at most fail for a set of sequences with
p-measure zero. A convergence M.L. result would be particularly interesting and
natural for M, since M.L.-randomness can be defined in terms of M itself (Definition
5).

The state of the art regarding this problem may be summarized as follows:
[Vov87] contains a (non-improvable?) result which is slightly too weak to imply
M.L.-convergence, [LV97, Thm.5.2.2] and [VL00O, Thm.10] contain an erroneous
proof for M.L.-convergence, and [Hut03b] proves a theorem indicating that the an-
swer may be hard and subtle (see [Hut03b] for details).

The main contribution of this section is a partial answer to this question. We
show that M.L.-convergence fails at least for some universal semimeasures:
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Theorem 6 (Universal semimeasure non-convergence) There erists a uni-
versal semimeasure M and a computable measure y and a p.M.L.-random sequence

a, such that M(aplac,) —/~ plan|ac,)  for n— occ.

This implies that also M, /u, does not converge (since p, <1 is bounded). We do
not know whether Theorem 6 holds for all universal semimeasures. For the proof
we need the concept of supermartingales. We only define it for binary alphabet and
uniform measure p(x)=\(x):=2"%" for which we need it.

Definition 7 (Supermartingale)
m : {0,1}* — IR is a supermartingale :< m(x) > 3[m(z0)+m(z1)] for all z € {0,1}*

If v is a (enumerable) semimeasure, then m:=v/\ is a (enumerable) supermartingale.
We prove the following theorem, which will imply Theorem 6.

Lemma 8 (Supermartingale non-convergence) For the M.L.-random se-
quence « defined in (4) and the enumerable supermartingale v defined in
Lemma 9 and for any n,n' € IR and any on « bounded supermartingale R, i.e.
0<e<R(ayn,)<c<ooVn, it holds that

|R(041:n>

R/(alin) ’
Rlaz,)

>0 or |——=F —
’Pu(a@) !

(or both) for a non-vanishing fraction of n, where supermartingale Rlizé(R-f-T’) and
some §>0.

Proof. We define a sequence «, which, in a sense, is the lexicographically first (or
equivalently left-most in the tree of sequences) A\.M.L.-random sequence. Formally
we define «, inductively in n=1,2,3,... by

a, =0 if M(a,,0) <27 and «,, =1 else. (4)

We know that M(e) <1 and M(a,0) <27 if o, = 0. Inductively, assuming
M(ac,) <27 for a,, =1 we have 27" > M(a.,) > M(a<,0)+M(ac,l) >
27"+ M (o, 1) since M is a semimeasure, hence M (a.,1) <27". Hence!

M(ar.,) < 27" = Mayy,) Vi, ie. ais A.M.L.-random. (5)

With R and r, also R’ := %(R+7“) > () is a supermartingale. We prove that the

Theorem holds for infinitely many n. It is easy to refine the proof to a non-vanishing
fraction of n’s. Assume that % — 1 for n— oo (otherwise we are done). n>1

implies R — 00, n <1 implies R — 0. Since R is bounded, n must be 1, hence for
sufficiently large ny we have |R(a1.,) — R(a<,)| <e for all n>n,.

! Alternatively we may define a, =0 if M(0|a<;) <% and a, =1 else.
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Assume r € {0,3,1} and r(ay,) =3 for infinitely many n and r(ay.,) =1 for
infinitely many n (e.g. take r as defined in Lemma 9). Since R stabilizes and r
oscillates, R’ cannot converge. Formally, for (the infinitely many) n>ng for which
r(a<n) =14 and r(ai,,) =1 we have

R'(0n.,) = R(a1.n) — R(acy) + 1r(agm) — r(acy,) > —& —1—1% > 5> 0
R'(a<y,) R(aey) + r(0ey) c+3

for sufficiently small and . Similarly for (the infinitely many) n >nq for which

r(ac,)=1 and r(ay,) =3 we have
- R'(aq.,) _ R(acn) — R(agy) + r(ac,) — r(agy) > —£+ % > 5> 0.
R'(a<y) R(ac,) +r(ac) c+1

This shows that Lemma 8 holds for infinitely many n. If we define r zero off-sequence,
i.e. r(x)=0 for £# 1.4, then 7 is a supermartingale, but a non-enumerable one,
since « is not computable. In the next lemma we define an enumerable super-
martingale r, which completes the proof of Lemma 8. Finally note that we could
have defined R' = M with arbitrarily small v > 0, showing that already a small
contamination can destroy convergence. This is no longer true for the constructive
proof below. a

Lemma 9 (Enumerable supermartingale) Let M' with t = 1,2,3,... be com-
putable approzimations of M, which enumerate M, i.e. M*(x) /* M(z) for t — oc.
For each t define recursively a sequence ot similarly to (4) as of,=0 if M*(al,0)<
27" and of,=1 else. For even {(x) we definer(x)=1if At,n:x=al, andr(z)=0 else.
For odd ((z) we define r(z) = 5[r(x0)+r(x1)]. r is an enumerable supermartingale
with r(c1.,) being 1 and % for a mon-vanishing fraction of n’s, where a=1im;_ o a*
(o'« lexicographically increasing).

The idea behind the definition of r is to define r(a.,)=1 for odd n and if possible
% for even n. The following possibilities exist for the local part of the sequence tree:

r(x) 1/2 1/2 1 1 1 1
A - A , {(z) odd A or A or A, and l(x)even A or A or A |
r(z0) r(z1) 0 0 001 11 120 01/2  1/2 1/2

all respecting the supermartmgale property. The formal proof goes as follows:

Proof. r is enumerable, since o', is computable Further, 0 <r(x)<1Vz. For odd

¢(x) the supermartmgale property r(z) >3 [r(z0)+7r(z1)] is obviously satisfied. For
even {(z) and x=a’, for some t we have r( )—1—5[1—|—1] ir (:EO)+T(:E1)] Even
((z) and z#at, tlmphes TYF Q] () Y1,y hence r(z) = [0—1—0] L[r(x0)+r(x1)].

This shows that r is a supermartmgale

Since M' is monotone increasing, o' is also monotone increasing w.r.t. to lex-
icographical ordering on {0,1}*°. Hence o}, converges to «y., for t — oo, and
even o}, = ay.,Vt > t, and sufficiently large (n-dependent) t¢,. This implies
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r(oen) =r(alz,) =1 for odd n. We know that «, =0 for a non-vanishing frac-
tion of (even) n, since « is random. For such n, af, =0V¢, hence r(ac,)=r(alr,)=
1

t[r(ate,0)4+r(al,1)]=3[1+0]=2. This shows that r(c.,)=1 (3) for a non-vanishing

fraction of n, namely the odd ones (the even ones with «,=0). a

Nonconstructive Proof of Theorem 6. Use Lemma 8 with R:=M/\, R':=M'/\,
r=:q/\, hence ¢ is an enumerable semimeasure, hence with M, also M’'=1(M+q) is
a universal semimeasure. R(a1.,) <1 from (5) and R(x)>¢>0 from universality of
M and computability of A show that the conditions of Lemma 8 are satisfied. Hence
R(a1) /R (oey) = MY (v o) /A (| tcrn) 7> 1. Multiplying this by A, =, =1
completes the proof. O

The proof of Theorem 6 is non-constructive. Either M or M’ (or both) do not
converge, but we do not know which one. Below we give an alternative proof which
is constructive. The idea is to construct an enumerable (semi)measure v such that
v dominates M on «, but v(ay|oe,) 7 5. Then we mix M to v to make v universal,
but with larger contribution from v, in order to preserve non-convergence.

Constructive Proof of Theorem 6. We define an enumerable semimeasure v as
follows:

27t if (z)=t and z<al,
brn 0 if (z)=t and x>dat,
vi(z) = 0 it 0(x) >t (6)

v (20)+t(xl) if l(z) <t

where < is the lexicographical ordering on sequences, and o' has been defined in
Lemma 9. v! is a semimeasure, and with o' also v is computable and monotone
increasing in ¢, hence v:=lim; .,./' is an enumerable semimeasure (indeed, ’;((g is a
measure). We could have defined a vy, by replacing af,, with o, in (6). Since vy, is
monotone increasing in ¢t and n, any order of t,n— oo leads to v, so we have chosen

arbitrarily t=n. By induction (starting from ¢(z)=t) it follows that

Vi) =27 if < Ol and L(z) <t Vi) =0 if z>aly
On-sequence, i.e. for £ = aq.,, ' is somewhere in-between 0 and 27, Since
sequence « := limya! is A\.M.L.-random it contains 01 infinitely often, actually
a1 = 01 for a non-vanishing fraction of n. In the following we fix such an
n. For t >n we get

Vt(a<n> - Vt(a<n0>+yt<a<n1) = Vt(a<n0) = Vt(alzn) = V<a<n) - V(alzn)
t
>a1;n2a1m, since ay, =0

This ensures v(ap|ac,)=1#3=A\,. For t>n large enough such that o, 1 =a1.n41
we get:

I/t<a11n) = Vt(ai:n) > Vt(atlzno) = 2—?1—1 = V(alin) > Z_n_l
~—

<a§m+1, since an+1=1
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This ensures v(v,) >27""1> 1M (au.,) by (5). Let M be any universal semimeasure
and 0<y<:. Then M'(x):=(1—7)v(z)+yM(x)Vz is also a universal semimeasure
with

M(acy) <27 and M(aq.,) >0

!

M (an|az,) = (1=y)v(arn) + M (a1n) > (1=y)v(ain) 1
(I=yv(awm) +yM(ac,) — (I=y)r(awm)+y277*

1—v 1—7 1

= > > -

i 1—y + 27" Ju(ay.,) ) 143y 2

V(a<n) = I/(alzn) (O{l n) > 2~
For instance for y=3 we have M'(a,|oey) > % # 5 = Ao |acy) for a non-vanishing

fraction of n’s. Note that the contamination of M with v must be sufficiently large
(v sufficiently small), while an advantage of the the non-constructive proof is that
an arbitrarily small contamination sufficed. a

A converse of Theorem 6 can also be shown:

Theorem 10 (Convergence on nonrandom sequences) For every universal
semimeasure M there exist computable measures p and non-p.M.L.-random se-
quences o for which M (o, |acy)/m(an|ac,)— 1.

5 Convergence in Martin-Lof Sense

In this section we give a positive answer to the question of predictive M.L.-
convergence to . We consider general finite alphabet X.

Theorem 11 (Universal predictor for M.L.-random sequences) There ex-
ists an enumerable semimeasure W such that for every computable measure jn and
every p.M.L.-random sequence w, the predictions converge to each other:

W(alwe) == wlalwey) forall ae X if dy(w) < oco.

The semimeasure W we will construct is not universal in the sense of dominating
all enumerable semimeasures, unlike M. Normalizing W shows that there is also a
measure whose predictions converge to u, but this measure is not enumerable, only
approximable. For proving Theorem 11 we first define an intermediate measure D as
a mixture over all computable measures, which is not even approximable. Based on
Lemmas 4,12,13, Proposition 14 shows that D M.L.-converges to u. We then define
the concept of quasimeasures in Definition 15 and an enumerable semimeasure W as
a mixture over all enumerable quasimeasures. Proposition 18 shows that W M.L.-
converges to D. Theorem 11 immediately follows from Propositions 14 and 18.
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Lemma 12 (Hellinger Chain) Let h(p.q) := X, (\/Pi—/@)* be the Hellinger
distance between p=(p;)N, € RY and q=(¢;), € RY. Then

i) forp,q,r € RY h(p.q) < (A+B)h(p,r)+ 1+ h(r,q), any 3 >0
i) forp',..,p™€ RY h(p',pm) < 3> K°h
=2

Proof. (i) For any z,y,z € IR and >0, squaring the triangle inequality |x—y| <
|z —z|+|2—y| and chaining it with the binomial 2|z —z||z—y|<B(z—2)*+8" (2 —y)?
shows (2—y)*> < (140)(z—2)*+(1+87")(z—y)?. (i) follows for x=/p;, y=1/q, and
z=,/r; and summation over 4.

(ii) Applying (i) for the triples (p*p**!,p™) for and in order of k=12,....,m—2
with =0 gives

< g: [H 14651 } (14 Be—1)-h(p" ", p")

For B = k(k+1) we have In ?;12(1 +6;1) < >52In(1 +6;1) < Z;’ilﬁj_l =1 and
14 B,_1 < k?, which completes the proof. The ch01ce B = 2K®) would lead to a
bound with 1+25®*) instead of k2. a

We need a way to convert expected bounds to bounds on individual M.L. random
sequences, sort of a converse of “M.L. implies w.p.1”. Consider for instance the
Hellinger sum H (w):=3"32,hs(p1,p) /Inw™" between two computable measures p>wi.
Then H is an enumerable function and Lemma 4 implies E[H]| <1, hence H is
an integral p-test. H can be increased to an enumerable p-supermartingale H.
The universal p-supermartingale M/u multiplicatively dominates all enumerable
supermartingales (and hence H). Since M/ <2%() this implies the desired bound
H (w)éQd/‘(”) for individual w. We give a self—contamed direct proof, explicating all
important constants.

Lemma 13 (Expected to Individual Bound) Let F(w) >0 be an enumerable
function and p be an enumerable measure and € >0 be co-enumerable. Then:

If E,F] < e then F(w)< e 28Ry,

where d,(w) is the p-randomness deficiency of w and K (u,F,"/€) is the length of the
shortest program for u, F, and /.

Lemma 13 roughly says that for p, F, and ¢=E,[F] with short program
(K (11,F,}/e)=0(1)) and p-random w (d,(w)=0(1)) we have F(w)<E,[F].

Proof. Let F(w)=lim, . F,(w) =sup,F,(w) be enumerated by an increasing
sequence of computable functions F),(w). F,(w) can be chosen to depend on wy.,

only, i.e. Fy,(w)=F,(w1.,) is independent of wy,y1.00. Let €, & co-enumerate ¢. We
define
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i (wig) = e* Z p(wim) Fr(wig) for k£ <n, and [,(wg) =0 for k> n.
wk+1:n€Xn_k

fin, is a computable semimeasure for each n (due to E,[F,] <¢) and increasing in n,
since

fn(wik) > 0 = fip_1(wix) for k>n and
ﬁn(w<n) Z Z Eglu(wl:n)Fn—l(w<n) = Eglu(w<n)Fn—l(w<n) Z ﬂn—l(w<n)
e | T
F,>F,_ L measure en < €En_1

and similarly for k<n—1. Hence ji:=[i is an enumerable semimeasure (indeed [
is proportional to a measure). From dominance (2) we get

M(len) ﬁ 2_K(ﬁ)/_//(w1:n) 2 2_K(ﬁ)ﬂn<wlzn) — 2_K(ﬁ)5;1/1(w1:n)Fn<wl:n)- (7)

In order to enumerate ji, we need to enumerate p, F, and 7!, hence

K(i)<K (u,F,Ye), so we get

Fo(w) = Fo(win) £ ey 2K0EY) Mlorn) o oR(uF/e)+duw),
n n n — n u(wljn) — n
Taking the limit F,, ' F and €,\,e completes the proof. O

Let M ={vy,vs,...} be an enumeration of all enumerable semimeasures, Jy,:={i <
k : v; is measure}, and 0y (x): =3, €ivi(x). The weights ; need to be computable
and exponentially decreasing in 7 and Y2 ,&; <1. We choose ¢;=i"%27". Note the
subtle and important fact that although the definition of J, is non-constructive, as
a finite set of finite objects, Ji is decidable (the program is unknowable for large k).
Hence, ¢} is computable, since enumerable measures are computable.

D(z) = do(z) = ) &(x) = mixture of all computable measures.
i€

In contrast to J, and ¢, the set J,, and hence D are neither enumerable nor
co-enumerable. We also define the measures 0y(x) := 6x(2)/6x(¢) and D(z) :=
D(z)/D(e). The following Proposition implies predictive convergence of D to pu
on p-random sequences.

Proposition 14 (Convergence of incomputable measure D) Let 1 be a com-
putable measure with index kg, i.e. p=uvy,. Then for the incomputable measure D
and the computable but non-constructive measures 5k0 defined above, the following
holds: A

Z) chf)il ht<5/€07 M)

”) Z;f)il ht(ékov Z\))

21n2-d,,(w) + 3ko

EOREEA®

VASRVAS
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Combining (i) and (i7), using Lemma 12(i), we get 3% hy (11,D) <c,, f (ko) < oo for
pi-random w, which implies D(b|w<;)= D (blw;)— ju(blw<;). We do not know whether
on-sequence convergence of the ratio holds. Similar bounds hold for Skl instead 5;%,
k1 > ko. The principle proof idea is to convert the expected bounds of Lemma 4
to individual bounds, using Lemma 13. The problem is that D is not computable,
which we circumvent by joining with Lemma 12, bounds on Ztht(gk,l,ék) for k=
ko,ko+1,....

Proof. (i) Let H(w) := Y2 hy(dp,.pt). p and 0y, are measures with o, > 6, >
Eko b, since Og(e) <1, p =1y, and kg € Ji,. Hence, Lemma 4 applies and shows
E,lexp(: H)] Sé,;)l/Q. H is well-defined and enumerable for d,(w) < oo, since d,,(w) <
0o implies pu(wiy) # 0 implies O, (wi) # 0. So pu(blwiy) and by, (blwyy) are well
defined and computable (given Ji,). Hence hy(dy,.p) is computable, hence H(w)
is enumerable. Lemma 13 then implies e><;p(21"1(w))§6_1/2 K Ve ) Tdu() e
bound

K (p, H,\E,) £ K (H|p ko) + K (ko) £ K (Jiglko) + K (ko) £ ko + 2log k.

The first inequality holds, since kq is the index and hence a description of u, and

£() is a simple computable function. H can be computed from p, ko and Jky, which

implies the second inequality. The last inequality follows from K (k0)<210gk;0 and

the fact that for each i <k one bit suffices to specify (non)membership to J,, i.e.
K (Jg, ]k0)<k0 Putting everything together we get

H(w) € et + [ko + 2log ko + dy(w)]21In 2 £ (21n2)d,,(w) + 3ko.
(i) Let HF(w):=32 hy(dp,06—1) and k> kg. 65— <0y implies

31#1(35) < dr(€) < Or—1(€) + €k — 1+ Sk < 1_|_‘i’“

on(z) Ok—1le) T dr—i(e) or-1(e) — o’
where O:=min{i € J,_1}=0(1). Note that J,_; ko is not empty. Since dp_1 and
dr, are measures, Lemma 4 applies and shows E;  [H M<In(1+£ k)< ZE. Exploiting
Erolt < Op_1, this 1mphes E,[HF] < = Lemma 13 then 1mphes H’“( )< g

= eoek, = e0ek,
k
2K (mH  c02ko /o) +du(w) — Similarly as in (i) we can bound

K (p, H”, 5k0/505k)§K(Jk]k) + K (k) + K(ko)<k + 2log k + 2log ko, hence
H*w) £ k2k22kcw X 8ok k=4c, where ¢, = 2%,

_58

Chaining this bound via Lemma 12(i1) we get for ky > ko:

n n k1 . .
th<6k075k1) < 23 Z (k_ko—i_l)zht((;k*lvdk)
t=1 t=1 k=ko-+1

k:1 kl
< 3 Y KHMw) < 3k52Mc, Y k% < 3kj2koc,
k=ko+1 k=ko+1
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If we now take ki — o0 we get S0, iy (6, D) L3kI2k0 (@) - Finally let n— o0. O

The main properties allowing for proving D— 1 were that D is a measure with
approximations d, which are computable in a certain sense. D is a mixture over all
enumerable/computable measures and hence incomputable.

6 M.L.-Converging Enumerable Semimeasure W

The next step is to enlarge the class of computable measures to an enumerable class
of semimeasures, which are still sufficiently close to measures in order not to spoil
the convergence result. For convergence w.p.1. we could include all semimeasures
(Theorem 3). M.L.-convergence seems to require a more restricted class. Included
non-measures need to be zero on long strings. We define quasimeasures as nearly
normalized measures on X =",

Definition 15 (Quasimeasures) 7: X* — IR, is called a quasimeasure iff U is a
measure or: Y ,exv(wa) =v(x) for (x) <n and v(x)=0 for {(x)>n and 1—1 <
v(e)<1, for some n€IN.

Lemma 16 (Quasimeasures) (i) A quasimeasure is either a semimeasure which
is zero on long strings -or- a measure. (ii) The set of enumerable quasimeasures is
enumerable and contains all computable measures.

For enumerability it is important to include the measures in the definition of
quasimeasures. One way of enumeration would be to enumerate all enumerable par-
tial functions f and convert them to quasimeasures. Since we need a correspondence
to semimeasures, we convert a semimeasure v directly to a maximal quasimeasure
v<v.

Proof & construction. (i) Obvious from Definition 15.

(i7) Let v be an enumerable semimeasure enumerated by v%”v. Consider m =
m':=max{n<t:3, v(r1,)>1—=} m'is finite and monotone increasing in ¢.
We define the quasimeasure

PH(x1m) = > V(1) for n<m and p'(z1,)=0 for n>m.

$n+1:me-)(m7n

We define an increasing sequence in t of quasimeasures ! <v' for t=1,2,... recursively
starting with 7°:=0 as follows:

If p'(21) > 7Y 210) V21, ¥n < m! (and hence Vz), then 7t := p, else v := p'~L.

U:=lim;_,~.7" is an enumerable quasimeasure. Note that m*>=o0 iff v is a measure.
One can easily verify that 7 <v and r=v iff v is a quasimeasure. This implies
that if v1,15,... is an enumeration of all enumerable semimeasures, then vy,0s,... is
an enumeration of all enumerable quasimeasures. a
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Let 4,04,... be the enumeration of all enumerable quasimeasures constructed in
the proof of Lemma 16, based on the enumeration of all enumerable semimeasures
V1,Vs,... with the property that 7; <v; and equality holds if v; is a (quasi)measure.
We define the enumerable semimeasure

o
= Zsiﬁi(:p), and note that D(z ZElI/Z x) with J:={i:7; is measure}
= ieJ

with g;=17527% as before. To show W — D we need the following Lemma.

Lemma 17 (Hellinger Continuity) For h,(p,v) = > .cx( u(a!x)—\/y(a|x))2,
where p(y)=u(y)+v(y) Vye X* and p and v are semimeasures, it holds:

i) ha(np) < 43
iW) ho(p,p) < 2 if v(z)<ep(z) and v(zb) <e-p(zb) Vb e X.
(77) Since the Hellinger distance is locally quadratic, h,(u,p) scales quadratic in
the deviation of predictor p from p. (i) Closeness of p(x) to u(x) only, does not

imply closeness of the predicitons, hence only a bound linear in the deviation is
possible.

Proof. (i) We identify X = {1,....N} and define y; = pu(zi), z; = v(zi), y = p(x),
and z=v(z). We extend (y;)Y, to a probability by defining yo=y—>~ 5 >0 and
set zo=0. Also ¢ :=z/y. Exploiting ZZ o¥i =y and Zf\iozi <z and z <ey and
Yi,2iY,2 >0 we get

N 2 N 2
Z 1Y Yit 2 Z 1Yi Yitzi
( ) i—1 Yy y+z i—0 Y y+z

N N

Yi+2i yi(yrl-zi)) 2 '

= E + — 2 < 2-2 g = 2 < €.
i=0 (y yt+=z y(y+z) 01/Y y—|-z) v1+e

(72) With the notation from (i), additionally exploiting z; <ey; we get

vitz v oV z+21 Vyi(l+e) — \/E Yooy
”y < ,/

A\

]

Y

y+z

\/@ \/TZZ \/yi(1+5/)—m < Vyi(l+e) — Vui < E\/E
Vy(l+e) - y(+e) 2V

Exploiting ¢’ <e, taking the square and summing over i proves (ii).

Proposition 18 (Convergence of enumerable W to incomputable D) For
every computable measure pu and for w being p-random, the following holds for
t—o00:

~ W(wiy) . W(wwey)
O Do~ Do b

(1i1) W(alw<y) — D(a|lw) Ya€ X.
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The intuitive reason for the convergence is that the additional contributions of
non-measures to W absent in D are zero for long sequences.

Proof. (i)

D(z) < W(z) = D(z)+) epi(z) < D(x)+ Zezvz (8)
i€ J i=kg

where k, :=min;{i¢ J:7;(x)#0}. For i¢J, U; is not a measure. Hence 7;(z)=0 for
sufficiently long z. This implies k, — oo for ¢(z) — oo, hence W (x)— D(x) Vx. To
get convergence in ratio we have to assume that xr =w;.,, with w being p-random,
ie. c,: —supniu((w1 ")) 20 (W) < 0.

Cw

S () < we) € —M(@) < Zu) <

D(z),
D)
The last inequality holds, since p is a computable measure of index k;o, le. p=vg, =
Uy Inserting 1/w,, <¢'-i* for some ¢=0(1) and &; we get &;7;(x) << CC“@ 127 D(x),
which implies 772, &;7;(x) <&, D(x) with

de, & 2c ¢

go= —2y it < Ykot27R 0 for 4(z) — oo.
Ek Ek
0 1= k‘ 0

Inserting this into (8) we get

< l+¢), D=2 1 for p-random x.

(i7) Obvious from (i) by taking a double ratio.

(#1i) Since D and W —D are semimeasures and Y2 <&/ by (i), Lemma 17()
implies h,(D,W) <g!. Since €/, — 0 for p-random =, thls shows (t3i). |W(a|z)—
D(a|z)|<e! can also be shown.

Speed of convergence. The main convergence Theorem 11 now immediately
follows from Propositions 14 and 18. We briefly remark on the convergence rate.
For M, Lemma 4 shows that E[3";h,(M,u)] <Inw;,'Zlnky is logarithmic in the index
ko of i, but E[>",h (X, )] <Iney, Zko is linear in ko for X =[W,D,dy,]. The individual
bounds for Ztht(gko,u) and Ztht(SkO,D) in Proposition 14 are linear and exponential
in ko, respectively. For W 2L D we could not establish any convergence speed.

Finally we show that W does not dominate all enumerable semimeasures, as the
definition of W suggests. We summarize all computability, measure, and dominance
properties of M, D, D, and W in the following theorem:

Theorem 19 (Properties of M, W, D, and 15)

(1) M is an enumerable semimeasure, which dominates all enumerable semimea-
sures. M is not computable and not a measure.

(74) D is a measure, D is proportional to a measure, both dominating all enumerable



18 MARrcus HUTTER & ANDREJ MUCHNIK

quasimeasures. D and D are not computable and do not dominate all enumerable
SeEMiIMeasures.

(1ii) W is an enumerable semimeasure, which dominates all enumerable quasimea-
sures. W is not itself a quasimeasure, is not computable, and does not dominate all
enumerable semimeasures.

We conjecture that D and D are not even approximable (limit-computable), but
lie somewhere higher in the arithmetic hierarchy. Since W can be normalized to
an approximable measure M.L.-converging to u, and D was only an intermediate
quantity, the question of approximability of D seems not too interesting.

Proof. (i) First sentence: Holds by definition. That such an M exists follows from
the enumerability of all enumerable semimeasures [ZL70, LV97]. Second sentence:
If M were a measure it would be computable, contradicting [Hut03b, Thm.4(7i7)]
(see below).

(7i) First sentence: Follows from the definition of D and D and the fact that
quasimeasures are zero on long strings: % >¢e, >0 if v is a computable measure. If v
is a “proper” quasimeasure, then min,c X*% :minm;g(m)gmu% >0, since v(z)=0
for (x) >m, <oo, and D(x)>0Vz. Second sentence: It is well known that there is
no computable semimeasure dominating all computable measures (see e.g. [Hut03b,
Thm.4]), which shows that D, D and W cannot be computable. We now show that D
and W do not dominate the enumerable semimeasure M by extending this argument.
Let v be a nowhere? zero computable semimeasure. We define a computable sequence
a as follows by induction: Given a.,, choose some «, in a computable way (by
computing v to sufficient accuracy) such that v(ay|oe,) <|X|™(1+25). Such an
o, exists, since v is a semimeasure. We then define the computable deterministic
measure o concentrated on «, i.e. 7(ay.,)=1 Vn and v(x)=0 for all z which are not
prefixes of a. By the chain rule we get v(ay.,) <X |~ <4|X|~"(ay.,). This

shows that no computable semimeasure v can dominate all computable measures,
since 7 is not dominated. We use this construction for v =4:

for sufficiently large n = ny MZ9-Ew),

. l ! )
Z&ﬂz‘(ﬁlzn) = Oplarn) < 41X "0k (an) < |X|7n2K(6k)M(Oé1:n)
i—=1

X E2 M (0n) < KP27FM (). (9)
:

A
)

2
fornZ mk

K(61)EK (61)<k + 2logk

For all x we have

D(z) = 0(x) < Y ami(z) = D i %27 p(x) < 278> i %y(2) < 27F M ().
i=k+1 i=k+1 i=k+1

2M, W, D, D, and 6, for k> O(1) are nowhere zero. Alternatively one can verify that all
relevant assertions remain valid if v is somewhere zero.
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Summing both bounds we get D(aiy,) < W (a1 ) S (k2+1)27%M (1., ), which
shows that D, D and W do not dominate the enumerable semimeasure M.
Remark: Note that the constructed sequence(s) o depends on the choice of k,

so we should write more precisely a=a*. For D (but not for W) we can choose
k=%log|X| in (9) (satisfying n> %IXI]{)’ leading to D(a? )<n2|X|™"2M (a?,). It
is easy to generalize (9) to Va:<t5|at;n:5k(a:<t0zm)§|X]t_"k'22kM(:E<tam), where ¢t is
a simple function of k. Choosing t=k?+1 and n=(k+1)? and joining the results for
k=1,2,... and x;:=a; we get D(alm)ﬁn?\/ﬁM(alm) Vn for the single sequence a.
This implies that (but is stronger than) « is not random w.r.t. to any computable
measure . Such a are sometimes called absolutely non-stochastic.

(731) First sentence: Enumerability is immediate from the definition, given the
enumerability of all enumerable quasimeasures. Second sentence: Since quasimea-
sures drop out in the mixture defining W for long x, W cannot be a measure. Since
W(x)#0Vz it is also not a quasimeasure. Non-computability and non-dominance

of W have already been shown in (ii). O

7 Conclusions

We investigated a natural strengthening of Solomonoft’s famous convergence theo-
rem, the latter stating that with probability 1 (w.p.1) the prediction of a universal
semimeasure M converges to the true computable distribution p (M %u). We an-
swered partially negative the question of whether convergence also holds individually
for all Martin-Lof (M.L.) random sequences (3M : M Y% ). We constructed ran-
dom sequences « for which there exist universal semimeasures on which convergence
fails. Multiplicative dominance of M is the key property to show convergence w.p.1.
Dominance over all measures is also satisfied by the restricted mixture W over all
quasimeasures. We showed that W converges to p on all M.L.-random sequences by
exploiting the incomputable mixture D over all measures. For DYL 1 we achieved
a (weak) convergence rate; for W25 D and w/ DY¥E1 only an asymptotic result.
The convergence rate properties w.p.1. of D and W are as excellent as for M.

We do not know whether D/pu ML 1 holds. We also do not know the conver-
gence rate for WMD, and the current bound for D X% i is double exponentially
worse than for M “23 f. A minor question is whether D is approximable (which is
unlikely). Finally there could still exist universal semimeasures M (dominating all
enumerable semimeasures) for which M.L.-convergence holds (3M : M 2% 7). In
case they exist, we expect them to have particularly interesting additional structure
and properties. While most results in algorithmic information theory are indepen-
dent of the choice of the underlying universal Turing machine (UTM) or universal
semimeasure (USM), there are also results which depend on this choice. For in-
stance, one can show that {(z,n): Ky(z) <n} is tt-complete for some U, but not
tt-complete for others [MP02]. A potential U dependence also occurs for predic-
tions based on monotone complexity [Hut03d]. It could lead to interesting insights
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to identify a class of “natural” UTMs/USMs which have a variety of favorable prop-
erties. A more moderate approach may be to consider classes C; of UTMs/USMs
satisfying certain properties P; and showing that the intersection N;C; is not empty.
Another interesting and potentially fruitful approach to the convergence problem
at hand is to consider other classes of semimeasures M, define mixtures M over M,
and (possibly) generalized randomness concepts by using this M in Definition 5.
Using this approach, in [Hut03b] it has been shown that convergence holds for a
subclass of Bernoulli distributions if the class is dense, but fails if the class is gappy,
showing that a denseness characterization of M could be promising in general.
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